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Assessed exercises from Lecture 2
(https://cl-teaching.uibk.ac.at/26w/1lc/exercises/02.pdf)

Exercise 1 (3 points)

Find the simply typed A-terms, both in Curry-style and in Church-style, associated with the derivation D >np
(X=Y)=X)"F (X =Y)=Y found for the assessed Exercise 1 from Lecture 1.

Solution to Exercise 1

It is too early to reveal a model solution to this exercise.

Exercise 2 (7 points)

Consider the proof system ND” for minimal logic extended with conjunction, as defined in the assessed Exercises
2-3 from Lecture 1, and the term language of the A-calculus extended with pairs and projections defined below.

s,itu=a | Axt| st (s, t) | m1(t) | ma(¥) (1)
1. (3 points) Define how to decorate formulas in the inference rules of ND” with the terms of the grammar (1).
2. (4 points) Extend S-reduction to terms of the grammar (1), so as that the decoration defined in Item 1
commutes with cut-elimination rules defined in the assessed Exercise 3 from Lecture 1.
Solution to Exercise 2

It is too early to reveal a model solution to this exercise.

Non-assessed exercises from Lecture 2
(https://cl-teaching.uibk.ac.at/26w/1lc/slides/02.pdf)
Exercise 1

Find the simply typed A-terms (in Curry-style and Church-style) associated with the derivations in ND found for
the facts below (see Exercise 1 from Lecture 1).

LEFX=(X=Y)=Y)

2. (X=2Y)=X=2)FrY=X="27
X=Y)=X) *rFY=X.
X=Y=2¢FY=X="7
X=Y=2X=Y)VFX="Z
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Solution to Exercise 1
1. In Curry-style and Church-style for A-terms, and ND for derivations:

[y: (X =Y)] [z:X%

[y: (X =Y)V] [z:X7"
EY =e
yr:Y yr:Y
=Y éf
Myr: (X =Y)=Y M7 Yyr: (X =Y)=>Y .

=7
A Adyyr: X = (X =Y)=Y) A XX XY yr X = (X =Y)=Y)

2. In Curry-style and Church-style for A-terms, and ND for derivations:

y: YY) iy
—_— =7 @
2 (X=Y)=X=2)* ly:X=Y ' 2 (X=Y)=X=2)° Xy X=Y
e e
z(Azy): X = Z ) zAzXy) X = Z
= =7
Ayz(Azy) Y = X = Z MY z02Xy): Y = X = Z
3. In Curry-style and Church-style for A-terms, and ND for derivations:
[y : Y] =y,
2 (X=Y)=X)* Xy:X=Y ' 2 (X=Y)=X)* My:X=Y
= e
z(Axy) : X , (A Xy) : X
Nyz(Azy) Y = X MYz Xy): Y = X
4. In Curry-style and Church-style for A-terms, and ND for derivations:
21 (X=Y =27 [z:X7 2 (X=Y =27 [z:X7
= =e
zx:Y =Z [y:YY] 2x:Y = Z [y:Yy]:>
=e e
zxy : Z zxy: 4 e
— i
Mozay: X =7 ° XeXzzy: X = 7 )
=5

=i
Aydzzey:Y =X =7 MY eXzzy: Y = X = Z

5. In Curry-style and Church-style for A-terms, and ND for derivations:
z: (X=Y=2)" [z:X7]

z: (X=Y=2)* [z:X"] y: (X=Y) [z:X7]
e e e =e
zx:Y =27 yxr Y zr:Y =2 yr:Y
=e =e
zx(yzx) : Z zx(yzx) : Z
=7 =7
Az.zz(yz) : X =2 AeXzz(yr): X =27
6. In Curry-style and Church-style for A-terms, and ND for derivations:
[z : X7] [z X7 Lo
L NE P
y: (X=X)=Y) drz: X=X ' y: (X=X)=Y) ¥z X=X
= e
[z: (Y=2)% yir.z:Y [z: (Y=2)7] y XY
= e
z(yAz.z): Z . 2(ydeXx): Z
=i =z
X722y daXa) (Y=2)=>2Z

Az(ydvx): Y=2)=Z

Exercise 2
Perform all possible p-reduction steps from the A-term decorating the derivation D in ND on p. 31 of Lecture
1, until you get a S-normal form. Is it always the same? Compare it with the normal derivation obtained by

cut-elimination steps from D.



Solution to Exercise 2

The derivation on p. 31 of Lecture 1 slides is D below, decorated with A-terms is Curry-style.

y: ((X=X)=B=X= X)Y] [z’:(XéX)Z/] [v: (X = X)= B)"] [z’:(XéX)Z/}
yz' : B= (X = X) o vz’ : B o
yz'(v2') : X = X L o [z : X7] )
Ay (v2') 1 (X = X) = (X = X) ez X = X
Ay (v ) Az X = X ée[z C(X = X)7]

M. (A y2 (v ))Azx: (X = X)= B)= (X = X) o ) Mz Bo X = X ¢ i
Ay (A2 yz' (v )z (X =X)=(B=>X=X)=(X=X)=B) = (X=> X)):L AzXbz: (X = X)=(B=>X= X):n

Ay v. (N2 y2' (v’ ) Az.x) Az bz - (X = X) = B) = (X = X)

=e

Thus, the A-term decorating D is ¢t = (Ay. v.(Az'.yz' (vZ'))Az.2)Az.\b.z. All possible S-reduction steps from ¢ are
the following:

Ay . (A2 y2' (v2)) Az.2) Az \b.2

— T

Ay . (yrz.x)(vAz.x)) Az \b.2 M. (A2 .(Az.A\b.2)2 (v2)) Az.x
\: — 2
Av.(Az.Ab.2) Az.x) (vAz.x) M. (Az.Ab.2)(Az.x) (vAz.x) Av. (A2 .(Ab.2") (v2')) ez
2 1
Av.(AbAx.z) (vAx.x) — Av.(Ab.2") (vAx.x) — M. 2" )\

\ N /
AVAT.X

In any case, every S-reduction sequence eventually reaches the same g-normal term Av.Az.z. Note that Av. \z.x
is the decoration of the derivation Dy below, which is the derivation without redexes to which D eventually reduces
via cut-elimination steps (see Exercise 3 from day 1).

[z : X7] '
ew: X =X
wAzz: (X = X)=B)=(X=X)

v
=7

Exercise 3

times f

n es

Prove rigorously the following facts (f"z = f(...(fz)...) for any n € N):
1. \z.zzx is untypable in Curry-style, Ax“.2z is untypable in Church-style for any type A;
2. in Church-style, AfY.Az*X.f"z is not typable for any n > 0 but Af¥ A\zX.z is typable;

3. Afdz.f"x is typable in Curry-style, for all n € N.

Solution to Exercise 3

1. Curry-style: Suppose by absurd that Az.zx is typable in the simply typed A-calculus in Curry-style. Then
there would be a derivation D of A\zx.zx. Its last rule is necessarily A (because the term in the derivation is an
abstraction), and its second to last rule is necessarily @ (because the body of the abstraction in the derivation
is an application), and its leaves are necessarily var rules (because the proper subterms of the application are
variables), hence D has the form below, for some types A, B, C.

var var

rz:Arx:C =B x:AI—x:C@
z:AkFzz: B
FAxxx: A= B

To make D a valid derivation, the two instances of the rule var must be correct, thus A=C = Band A=C
must hold, which implies that C'= C = B, but this is impossible for any type B, C.

Church-style: Suppose by absurd that Az“.zz is typable in the simply typed A-calculus in Church-style.
Then there would be a derivation D of Az.zx. Its last rule is necessarily A abstracting a variable of type A
(because the term in the derivation is an abstraction of type A), and its second to last rule is necessarily @



(because the body of the abstraction is an application), and its leaves are necessarily var rules (because the
proper subterms of the application are variables), hence D has the form below, for some types B, C.

var var
rz:At2:C=B x:AI—x:C@
z:AbFzz: B
Flxdze: A= B

A

To make D a valid derivation, the two instances of the rule var must be correct, thus A=C = Band A=C
must hold, which implies that C'= C = B, but this is impossible for any type B, C.

2. The term AfY.A\z*.z is typable in Church-style, as shown by the derivation below.

r

f:Y,x:Xl—x:Xva)\
f:YFxXes: X=X
FAfY Xz Y = X=X

We prove by contradiction that Af¥. A\zX. "z is not typable in Church-style for any n € N*. Since n € Nt =
N\ {0}, then f?"x = f(f" 'x) where n — 1 € N. Suppose by absurd that \f¥.\zX.f"x is typable in the
simply typed A-calculus in Church-style. Then there would be a derivation D of Af¥ XxX.f"x. Its two last
rules are necessarily A (because the term in the derivation is a double abstraction), and its third to last rule is
necessarily @ (because the body of the double abstraction is the application f(f"~'z)), and the left premise
of the @ rule is necessarily a var rule (because the left subterm of the application is a variable), hence D has
the form below, for some types A, B.

F Y2 Xt Bo A" fiYe:Xt iz B
f:Y,x:Xl—f"x:A/\
f:YFMXz: X = A

FAfY Xz Y=X=A4

©

To make D a valid derivation, the left instance of the rule var must be correct, thus Y = B = A must hold
for some types A, B, but this is impossible because Y is a ground type.

3. We first prove the following.
Fact. For alln € N, there is a deriwvation of f: X = X, x: X b f"x : X (in Curry-style and Church-style).

Proof. By induction on n € N. Cases:

(a) n = 0: then, f%2 = z and hence the derivation below concludes.

ar

f:XéX,x:XF:z::XV
(b) n > 0: then f"x = f(f" '2) and by induction hypothesis there is a derivation D of f: X = X, 2 : X -
f 'z : X. The derivation below concludes.
D
F X=X o XFf X=X fiX=Xao:iXEf e X
f X=X 2 XFffe: X

O

We can now show that, for all n € N, the term Af.Ax.f"zx is typable in Curry-style. Indeed, by the fact
above, there is a derivation D of f: X = X, 2 : X F f"x : X for all n € N. The derivation below concludes:

D
f X=Xz XFflfe: X
fX=XFl.ffe: X=X \
FAfaz.ffe: (X =X)=X=X




Exercise 4

Prove that if ¢ is typable in Church or Curry style, then so is every subterm of ¢.

Solution to Exercise 4

Let us recall that the subterms of a A-term ¢ are the elements of the set subt(t) defined below by induction on ¢:
subt(z) = {z} subt(Az.t) = {Az.t} Usubt(t) subt(st) = {st} Usubt(s) Usubt(t)

We now prove that if a term ¢ is typable in STLC in Curry style, then so is every subterm of ¢. The proof for ¢
typable in STLC in Church style is analogous. We proceed by induction on ¢. Let s € subt(t). Cases:

e If s =t then s is typable by hypothesis.

o If s # ¢t = A\x.t’ then s € subt(t). Since t is typable in STLC in Curry style, then there is a derivation
D poumy I' F Az’ © A for some environment I" and type A. Necessarily, D has the form below, with
A = B=-C for some types B, C":

D
Iz:BFt:C
=
'Xet' :B=C
Hence, t’ is typable. By induction hypothesis applied to t’, s is typable.

D =

2

o If s £ ¢ =t1ty then s € subt(t;)Usubt(ts). Since t is typable in STLC in Curry style, then there is a derivation
D >curry I' F t1t2 : A for some environment I' and type A. Necessarily, D has the form below:

LD, i D,
D I'Ht,:B=A Thkty:B
e
Fl‘tthZA

Hence, t; and t5 are typable. By induction hypothesis applied to ¢ or ¢2 (depending on whether s € subt(t;)
or s € subt(ta)), s is typable.

This complete the proof.
Remark. Note that the case t = s includes the case where t is a variable, since the only subterm of a variable is
the variable itself.
Exercise 5

Prove rigorously the propositions on pp. 21 and 25, the lemma and theorems on p. 26 of the Lecture 2 slides.

Solution to Exercise 5

We first define some notions that will be used in the proofs. The size of a derivation in STLC is its number of
typing rule instances. A derivation D bst c 't ¢ : A is minimal if there is no derivation D’ dstc I'F ¢ : A whose
size is less than the size of D.

Proposition.
1. (Weakening) If T Fsrict: A, then T,z : Blstict: A, for any type B and variable x ¢ dom(T).
2. (Free variables) If I' Fstic t : A, then fv(t) € dom(I') and I [¢(s) FsTic t & A.

Proof. We prove both statement for STLC in Curry style. The proof for Church style is analogous.

1. Let B be a type and ¢ dom(I"). We prove the statement by induction on the size of a minimal derivation
D bcury I' 10 A. Let us consider the last rule r of D. Cases:

o Ifr=varthen D =/ . g1y A with' =T",y: A and t = y. Since z ¢ dom(I'), the derivation

D=7 2:B y:AFy:A  issuchthat D' bouny I,z : BEt: A



e If r = X then

' Dy
F,y:C.I—s:D \
'FXys:C=D

with A = C= D and t = \y.s; we can suppose without loss of generality that y ¢ dom(T") U {z}. By
induction hypothesis applied to Dy, there is Dj bcury I, y : C, @ : B s : D. Hence, the derivation

D:

:D/
D = F,y:Cﬂx::BOI—s:D )\issuchthatD/ bouny 2 B 1 A
Iz:BFAys:C=D
e If r = @ then
LD, ' D,
D=riy.c=4 I‘I—t.Q:C@
I'Htite: A

with ¢ = ¢1t5. By induction hypothesis applied to Dy and Ds, there are D} boyry [, 2 : BEt; : C = A
D : D

I'xz:Brt1:C= A F,x:Bl—tQ:C@
I'z:BkFtita: A

and Dy Poumy I', ¢ 1 Bty : C. Hence, the derivation D' =

is such that D’ pouy I,z : Bt Al

2. Proof by induction on the size of a minimal derivation D bcumy I' F ¢ 1 A. Let us consider the last rule r of
D. Cases:
o Ifr=varthen D=1 . Ay A withD =T", y: A and t =y. Hence, fv(t) = {y} C dom(T') and
L' lfw= 1y : A, so the derivation D" = Y Al y: A" is such that D' beuery Tl F ¢ 2 A
e If r = A\ then
LDy
INy:Cks:D \
I'FAys:C=D

with A = C'= D and t = \y.s; we can suppose without loss of generality that y ¢ dom(T"). By induction
hypothesis applied to Dy, fv(s) € dom(I') U {y} and there is Dj beurry (I, ¥ : C) [s) F s : D. Hence,
fv(t) = fv(s) ~ {y} € dom(T"), and the derivation

D =

: D}
;o :
D= (Fvy:c)rfv(s)l_s:D)\
[l Ays: C= D

is such that D’ douy I' [ - T+ A, since y ¢ dom(I") D fu(t).

e If r = @ then
:D, LDy
P=rr4.c=4a Fl—t.ng@
I'kHtite: A

with ¢ = t1t5. By induction hypothesis applied to Dy and Dy, fv(t1) € dom(T") and fv(t2) € dom(T") and

there are D] oury [ [ty 11 0 C = A and Dj bourry [ wey) I t2 : C. Hence, fv(t) = fuv(t1) Ufv(ta) C

dom(T'). By Item 1, there are DY beurry I [y t1 1 C = A and Dy beuny I [w ) F t2 @ C. Therefore,
oY oY

the derivation D' = Wbt :C= A Tlyphta: C . is such that D" >ouy I [a) F t 1 A. O

Cla@Etitat A

Proposition. 1. (From Church to Curry) If I' Fchuren t : A, then T' Foumy [t] @ A.



2. (From Curry to Church) If ' Feypry ¢ 0 A then T Fonuren ' 2 A for some t' in Church-style such that [t'] = t.

Proof. 1. Proof by induction on the size of a minimal derivation D >cpuren I' F ¢ @ A. Let us consider the last
rule r of D. Cases:

o If r =var thenD:mvarwithF:F’,y:Aandt:y: [t]. Hence D deumy I' - [t] 1 A.
o If r = X then
- Dy
D= p y:Cks:D
I'-XyCs:C=D

with A = C = D and t = \y®.s; we can suppose without loss of generality that y ¢ dom(I'). By
induction hypothesis applied to Dy, there is D) bcumy L', ¥ : C'F [s] : D. Hence, the derivation

. D}
I'y:Ck[s]:D \
'kJXy.[s]:C=D

D=

is such that D’ poumy I'F [t] 1 A, since [t] = Ay.[s].

e If r = @ then
‘D, LD,
P=ritu:csa rrnic,
I'Htite 1 A

with ¢ = t1t2. By induction hypothesis applied to D; and Ds, there are Dj beumy I F [t1] : C = A

e Dy
and Db boury I' F [t2] © C. Therefore, the derivation D’ = Tt :.C ~ A TFH t'2 o B such that

F l_ |—t1-‘ |—t2—| . A
D’ boury I'F [t] 1 A, since [t] = [t1][t2].

2. Proof by induction on the size of a minimal derivation D bcumy I' F ¢ 1 A. Let us consider the last rule r of
D. Cases:
. Ifr:varthenD:F/’y:Al_y:AvarwithF:F’,y:Aandt:y. Let t' == y. Hence, [t']| =y =t
and D >Church '+¢:A.
e If r = X\ then
LDy
INy:Cks:B \
I'FMys:C=B

with A = C'= B and t = \y.s; we can suppose without loss of generality that y ¢ dom(T"). By induction
hypothesis applied to Dy, there is Dj >churen I', ¥ : C F 8’ @ B for some s’ in Church style such that
[s'] = s. Let t' := \y®.s’. Hence, the derivation

D=

. Dj
Iy:Cks:B \
I'-xCs:C=DB

D=

is such that D' bepuren T H 2 A, and [t = Ay.[s'] = Ay.s = t.

o [f r =@ then
' D, - Dy
D=riy.c=4 FH;:C@
I'ktite t A

with ¢ = ¢1t5. By induction hypothesis applied to D; and D,, there are D] behwen I' H 8] : C = A
and D) dopuen I' F 5+ C for some ] and ¢}, in Church style such that [t{] = ¢; and [t}] = t2. Let



: D : Dy

t' == t}t},. Thus, the derivation D’ = THt :'C A Tk t;z : C’@ is such that D' bopuren I'H 0 A,
CE#th: A
and [t'] = [t)][th] = t1te = t. O
Proposition (Uniqueness). If D beppwen I'FE: A and D' bopuren T HE: A’ then A= A" and D =1D'.
Proof. By induction on t. Cases:
. Ift:ythenD:anr:D’ withT'=Tp,y: Aand t =y.
o If t = A\z.tg then
: Dy : D}
D= T y:Ckt:B . D= |yt B
I'XCity:C=B IHMCty:C' = B
with A = C = B and A’ = C' = B’; we can suppose without loss of generality that y ¢ dom(T). As

MCty =t = Ay to, then C = C’. By induction hypothesis applied to to, B = B’ and Dy = D{. Hence,

A=C=B=C"=B"=A"andso D=7

o Ift = t1t2 then

| Dy D, : D} . D
D = ,. .. D/: ./ , ' ,
Fl—tl.C=>A Fl_tQ.C@ 'kt :C = A FthSO@
F"tthZA F"tltglAl

By induction hypothesis applied to t; and to, C=A =C'= A’, C = C’, D; = D} and Dy = Dj. Therefore,

A=A"and D=7D'.

Lemma (Substitution). IfT', x: Btstict: A and T Fstic s: B, then T bstic t{s/z} : A.

O

Proof. We prove both statement for STLC in Curry style. The proof for Church style is analogous. Proof by

structural induction ¢. Cases:

o If t = x then t{s/x} =s. AsT, 2 : B Fcoumy t : A, then x ¢ dom(T') and A = B. Hence, the hypothesis
I' FCurry § @ B means that I' Fouey t{s/z} : A.

e Ift=y#axthent{s/z} =y=1¢ AsT,z: BlFcury t: A4, thenT'(y) = A and so I Fcumy t{s/z} : A by
applying the var rule.

o If t = Ay.to then we can suppose without loss of generality that y ¢ fv(s) U {z}, thus t{s/x} = Ay.(to{s/z}).
AsT,z:Blcumyt: A, then A=C=D andI', 2 : B,y : C Fcumy to : D. By induction hypothesis applied
to to, there is a derivation Dy Poumy I, ¥ 1 C Fourry to{s/z} : D. Therefore, the derivation

: Dy
D= Okt .
I,y:Ckto{s/x}: D
I'F Ay.(to{s/x}): C =D

is such that D poymy I' - t{s/z} : A.

o If t = tito then t{s/z} = t1{s/x}ta{s/x}. AsT,x: Bltcuny t: A, thenT, z: B Fcuy t1 : C = A and
I', z : B Fcury t2 : C. By induction hypothesis applied to ¢; and t2, there are derivations D1 >curry I' Fcurry
ti{s/z} : C = A and D3 bcumy I' Fowry t2{s/x} : C. Therefore, the derivation

D, | D,
D= THti{s/z}:C=A Thrtfs/x}:C
TFt{s/z}ta{s/x}: A
is such that D deyey I' F t{s/z} : A. O




Theorem (Subject reduction). IfTI'Fsrict: A andt —g s, then I' Fstic s : A.

Proof. We prove both statement for STLC in Curry style. The proof for Church style is analogous. Proof by
structural induction on ¢. Cases:

o If t =  then there is no s such that ¢t =4 s, and the statement is vacuously true.

o If t = Az.ty, then A = B = C and we can suppose without loss of generality that ¢ dom(T"). Thus,
t —g Ax.sg = s with tg =g so, and I',  : B Fcumy to : C. By induction hypothesis applied to ¢, there is a
derivation Dy bcury I's  : B F 50 : C. Therefore, the derivation

£ Dy
Iz:BlFsy:C \
I'kXx.sg: B=C

D =

is such that D boypy ' 51 AL
o If t = t1to, then I Fourry t1 : B = A and I' Foury t2 : B. There are three subcases:

— If t1 = Az.t] (we can suppose without loss of generality that = ¢ dom(T')) and ¢ —4 t}{t2/x} = s, then
T, x: BFcuny t : A. By the substitution lemma above, I' Feoypy th{t2/z} : A and so I' Feypy § 1 A.

—If t —p tite = s with t; —p t|, then by induction hypothesis applied to ¢;, there is a derivation
Dy >Curry I F 8] : B = A. Therefore, the derivation

' D, :
D=rpry.c rH;:C@
CHtty: A
is such that D poumy ' 51 Al
— If t —p t1th = s with to —5 t5, then the proof is analogous to the previous subcase. O



