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Assessed exercises from Lecture 1
(https://cl-teaching.uibk.ac.at/26w/1lc/exercises/01.pdf)

Exercise 1 (3 points)

Prove that (X =Y)= XF (X =Y) =Y by using both ND and NDgeq.

Solution to Exercise 1

In ND:
X=Y)=X [X=Y/
=e
X = Y] X
Y o
(X=Y)=Y
In NDgeq:
KXo Y) o X, XY FXoY) X X=2Y) o X, X=oYFEXxX=Y
e
(X:Y):>X,X:>Y|—X:>Yax X=Y)=X,X=YHX

=e
X=Y)=X,X=YHIY

=i
X=Y)=XFHFX=Y)=Y

Exercise 2 (2 points)
Let us extend minimal logic to conjunction. To this end, consider the language defined by the BNF grammar below
AB,C:=X|A=B|AAB
where A stands for the conjunction (“and”). Consider the system ND” obtained by adding the inference rules
below to ND.
A B ANB ANB

Ni
AANB A B

A

Define the corresponding inference rules for the system NDg.,, that is, define the version of the inference rules

above that is compatible with the NDgoq formalism.

Solution to Exercise 2
The inference rules of NDSAeq are the ones of NDgoq plus the following ones:

'cA FI—BA I'HAAB I'-AAB

CFAAB r-a '+ B

€2
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Exercise 3 (5 points)
Define the notions of A-cut-formula and A-redex in the system ND” concerning the rules A;, Ae, and A, from
Exercise 2. Define the cut-elimination steps for a A-redex. State and prove the cut elimination theorem for ND”.

Hint. Get inspired from the corresponding notions, theorems and proofs for ND seen in Lecture 1.

Solution to Exercise 3

A A-cut-formula in a derivation D in ND” is a formula occurrence in D that is both the conclusion of a A; rule
and the premise of a A, or A, rule.
A A-redez in a derivation D in ND” is a pair of instances of =; and =, in D containing a A-cut-formula.
The cut-elimination steps for the a A-redex are the following:

LD, i D, ' D, ' D,

Al A2 A —cut Dl Al A2 A —rcut D2
A NAy A, A NAy Ay
—— Ney — Ney

Al A2

To prove the cut-elimination theorem, we first introduce some notions and notations.

1. A redex is a A-redex or a =-redex, and a cut-formula is A-cut formula or a =-cut formula.
2. The size of a cut-formula is the number of connectives (= and A) it contains.

3. The weight of a redex is the size of its cut-formula. The weight of a derivation D in ND” is the finite multiset
of the weights of the redexes in D.

4. We write Doypa I A if D is a derivation in ND” with conclusion A and hypotheses among the formulas in T.

Theorem (Cut-elimination, aka normalization, in ND"). If D >ypa I' - A, then there is D' bypr I' = A without
redexes such that D —* , D'.

cut

Proof. If D is without redexes, we are done. Otherwise, take a redex r in D such that there are no redexes above the
elimination rule (=, or A., or A,) in r; such a r exists because D is finite! Apply —cyut to r to get Dy>ypr ' A
where redexes are not duplicated (as r is an uppermost redex), new redexes can be created but have a lower
weight (smaller cut-formula). Therefore, w(D) >, w(D1). By induction hypothesis on the weight of derivations,
we conclude. O

Remark. The proof of cut-elimination for ND” is literally the same as the one for ND (see Lecture 1). What is
new in this proof is the meaning of the expressions “cut-fomula”, “redex”, size of a formula” and so on. Those
notions have been defined (see above) so as to allow the proof of cut-elimination of ND to adapt smoothly to ND”.

Non-assessed exercises from Lecture 1
(https://cl-teaching.uibk.ac.at/26w/1lc/slides/01.pdf)

Exercise 1
Prove the following facts, using ND and NDgcq.
LEFX=(X=Y)=Y)

[\V]

(X =2Y) s X=22)FY=>X= 2.
. (X=Y)=XFY=X.
X=2Y=2)FY=>X= 2.
X=2Y=>Z X=YFHX=>Z

o ot W

X=X)=YFHY=2)=Z.
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Solution to Exercise 1

1. In ND and NDgeq, respectively:

X =Y X X X=YFX=Y X X=YFX
e e
Y Lo X,X=YhrY
i =i
X=Y)=Y XHFX=Y)=Y
i =
X=(X=Y)=Y) FX=(X=Y)=Y)
2. In ND:
yr
X=Y)=X=2) X=Y '
X=7 e
_X=Z _,
Y=X=27 "
In NDgeq:

X=Y) = (X=2).X5YFY
a =
X=2Y)=X=22),YFX=Y)=(X=2) : X=2Y)=X=22),YHFX=Y

i

e
X=Y)=X=2),YrX=>2Z
=%
X=2Y)=X=2)rY=X=27 "
3. In ND and NDsq, respectively:
ax
Y7 (X=Y)=X,X,YFY
=, ax =i
X=Y)=X X=Y X=Y)=XYHX=Y)=X X=Y)=XYFX=Y
= =e
X (X=Y)=>X,YFX
=7 =,
Y=Xx (X=>Y)=XFY =X
4. In ND:
X=Y=2 [X]
=e
Y= Z [Y]*
=e
Z o
=0
X=7Z ',
=i
Y=X=Z7
In NDgeq:
ax ax
X=>Y=2,X,YFX=(Y=2) X=>Y=2),X,YFX
e ax
X=Y=2,X,YtY =Z X=Y¥=2),X,Y+Y
=e

X=Y=2),XY+Z
=i
X=Y=2),YrX=Z7
=i
X=Y=2)FY=X="7

5. In ND:
X=Y=2 [X] X=Y [X]
= =
Y =7 Y
=

Z *
E S
X=27z "

In NDgeq:



XY o Z, XY, XE XY XY Z, XY, XEX  XoYoZ, XY, XEFXoY  XoY=Z XoV,XFX
je $e
X=Y=>Z2X=Y,XFrY=Z X=Y=7X=Y,XFY
XoYoZ, XY, XFZ

=
X=>Y=>ZX=YFX=Z

=e

i

6. In ND:
S
X=X)=Y X=X '
e
Y= Z* Y
e
Z *
=3
Y=2)=2Z7
In NDgeq:
ax
Y=Z(X=X)=Y,XFX
=i
Y:>Z,(X:>X):>Y#(XzX):>YaXY:Z,(XzX):YFX:X
=e
Y:>Z,(X:>X):YFY:>ZaX Y=Z(X=X)=YFY
e

Y=Z(X=X)=YHFZ
=i
X=>X)=Y+-Y=2)=2Z2

Exercise 2

Show that / (X = Y) = X, ie. (X = Y) = X is not derivable with no hypotheses.

Solution to Exercise 2

Suppose by absurd that (X = Y) = X is derivable in ND with no hypothesis. The last rule of the derivation
cannot be either an hypothesis (because there are no hypotheses) or =, (otherwise it would be it would contradict
the subformula property), hence it could only be =; discharging the hypothesis X = Y, that is,

X = Y]

X
X=Y)=X

i

The rule whose conclusion is X cannot be either =; (otherwise its conclusion should be an arrow) or an
hypothesis (because there is no hypothesis X), hence it could only be =, with premises A = X and A for some
formula A, that is,

X =Y [X = Y]
A= X A

X
X=Y)=X

e

*
2

For the subformula property applied to the derivation whose conclusion is X, A could only be a subformula of
X or X =Y, that is,

e either A = X, but then A = X = X = X is a formula of that derivation that is not a subformula of X or
X =Y, which contradicts the subformula property;

eor A=Y, but then A = X =Y = X is a formula of that derivation that is not a subformula of X or
X =Y, which contradicts the subformula property;

eor A=X =Y, but then A= X = (X = Y) = X is a formula of that derivation that is not a subformula
of X or X = Y, which contradicts the subformula property.

Therefore, there is no derivation of (X = Y) = X with no hypotheses.



Exercise 3

Perform all passible cut-elimination steps from the derivation on p. 24 of Day 1 slides, until you get a derivation
without redexes. Is it always the same?

Solution to Exercise 3

The derivation on p. 24 of Day 1 slides is D below, where there are two redexes, marked as blue and red.

(X=X)=B=>X=X)|' [ X=X]° [X=X)=B] [X=X]

B= (X = X) o B o
X=X . o (X
(X=X)=> (X=X) X=X
X=X B - X = xJf
(X=X)=B)=(X=X) " B=>X=>X "'
(X=X)=B=X=X)=(X=X)=B)=>(X=X)) X=>X)=>B=>X=X) '

(X=X)=B)=(X=X)

If the red redex in D is fired, then D reduces to the derivation D; below.

[X]° " X
(X=X)=B=>X=X) X=X ' [(X=X) =B X=X
B= (X = X) o B .
X=X - o (X = X]f
(X=X)=DB)=>X=>X) . B=X=X
(X=X)>B=>X=X)=>((X=>X)=2B)=(X=X) (X=>X)=B=X=>X) '

=e

(X=X)=DB)=(X=X)

If the blue redex in D is fired, then D; reduces to the derivation D} below, with a new green redex.

(X = X]f
B=X=x o X X,
(X=X)=(B=X=X) X=X [X=X)=B X=X
B= (X = X) o B o

e

X=X
(X=X)=B)= (X=X)

s

=

If the green redex in D} is fired, then D] reduces to derivation D} below, with a new gray redex.

[X]° X,
Yxox (X=>X)=>Bf X=X
B=X=X B o
X=X N

o

(X=X)=DB)= (X=X)
If the gray redex in DY is fired, then DY reduces to derivation Dy below, which is without redexes.

[X]*
X=X
(X=X)=DB)= (X=X)

.
i

=i



If the blue redex in D is fired, then D reduces to the derivation D, below, with a new green redex.

(X = X]f
B=X=X '
(X=X)=(B=X=X) [X=X° [(X=X)=B]"[X=X]
B= (X = X) B B o
X=X ] . (X
X=X)=(X=X) X=X
X=X ] -
(X=X)=B)= (X=X) '
If the red redex in Ds is fired, then Dy reduces to the derivation Dy; below.
X = X
B=X=X_' . X" I
(X=X)=(B=X=X) X=X " [(X=X)=B X=X
B= (X = X) - B s
X=X o

=*

i

(X=X)=DB)=(X=X)

If the green redex in Doy is fired, then Doy reduces to the derivation Dy already shown above.
If the green redex in Dy is fired, then Dy reduces to the derivation Dys below, with a new gray redex.

(X = X]° (X = X)= B]* [X=X]°

B= X=X B o
X=X o X
X=X)= (X =X) X=X
X=X . o

7

(X=X)=B)=(X=X)

If the red redex in Days is fired, then Doy reduces to the derivation Doy below.

[X]° RIS

Yo x| [(X=X)=B X=X

B=X=X B o
X=X -

*
7

=

(X=X)=DB)=(X=X)

If the gray redex in Dao; is fired, then Do reduces to the derivation Dy below, which is without redexes.
X

X=X"

(X=X)=DB)= (X=X)

=i

If the gray redex in Doy is fired, then Doy reduces to the derivation Daogs below.

(X = X]° [X]°
X=X)=>X=%X) X=X
X=X -

(X=X)=DB)=(X=X)
If the red redex in Daos is fired, then Dags reduces to the derivation Dy below, which is without redexes.
X9
X=X"
(X=X)=DB)=(X=X)

=i



All possible cut-elimination steps from D are the following:

D Dy

4 -

2 Dy Doy

Lo

!/
Dy Dao1 Daag

Dy
In any case, every reduction sequence eventually reaches the same derivation Dy with no redexes.

Exercise 4

Order the following multisets over N according to the (strict) multiset order <.
(1,17 [0,2] [1] [0,0,2] [] [0,3] [0,2,2]

Solution to Exercise 4

H <mul [1] ~<mul []-a 1] ~<mul [032] <mul [07072} ~<mul [07272] ~<mul [033]

Exercise 5

Prove in a rigorous way the proposition on p. 15 of Day 1 slides.

Solution to Exercise 5

Proposition. Let I' be a finite multiset of formulas and A be a formula: T' = A in ND if and only if the sequent
I' = A is derivable in NDgeq.

Proof. =: By induction on the number of rules of the smallest derivation D in ND proving that I' - A. Cases:

e D is just an hypothesis, that is, D = A and so I' = I/, A for any finite multiset I'. Then, the derivation
Dgeq below derives the sequent I' = A in NDgeq.

Dig = I/ AFA
e The last rule in D is =, that is, A = B = C and
[B]*
D = D
C *
=i
B=C

where D’ is the smallest derivation in ND that proves that I', B = C, by minimality of D. By induction
hypothesis applied to D', there is a derivation Dl,, in NDgey of the sequent I'; B + C. Then, the

seq
derivation Dgeq below derives the sequent I' H A in NDgeq.

: Dicq
D :
sed I'B+-C
'=B=C
e The last rule in D is =, that is, for some formula B
D D
P = p=a B

e

A

where D’ and D" are the smallest derivation in ND that prove that I' = B = A and " - B, respectively,
by minimality of D. By induction hypothesis applied to D’ and D", respectively, there are derivations
D and Dg,, in NDgeq of the sequents I' = B = A and I' = B. Then, the derivation Dseq below derives

the sequent I' = A in NDgeg.



:Diea i Diq
Dseq : :
I'+B=A TIH+B

r-A

<: By induction on the number of rules of the smallest derivation D in NDgq proving the sequent I' = A. Cases:

e

e The last rule of D is ax, that is,

D = T Ara
where I' = IV, A for some finite multiset IV. Then, the derivation Dy = A proves that I' = A in ND.
e The last rule in D is =;, that is, A = B = C and

LDy
I.BFC
_— =
I'FB=C

where D’ is the smallest derivation in NDgeq of the sequent I', B = C, by minimality of D. By induction
hypothesis applied to D’, there is a derivation D} in ND that proves that I, B+ C. Then, the derivation
Dy below proves that I' = A in ND.

D

i

[B]*

p - D
C o
B=C

e The last rule in D is =, that is, for some formula B

%l LD
Dseq 'FB=A TFB
A ‘

where D’ and D" are the smallest derivation in NDgeq that prove the sequents I' - B = A and I' - B,
respectively, by minimality of D. By induction hypothesis applied to D’ and D”, respectively, there are
derivations D} and D{ in ND that prove I' - B = A and I' - B. Then, the derivation Dy below prove
that '+ A in ND.

D D
P = pia B
e
A

Exercise 6

For any formula B, prove that if I' = A is derivable in NDgeq, then so is I', B - A.

Solution to Exercise 6
By induction on the number of rules of the smallest derivation D in NDgq proving the sequent I' = A. Cases:

e The last rule of D is ax, that is,

D = 1 ArA”
where I' = I/, A for some finite multiset I''. Then, the derivation below proves the sequent I', B - A in NDgeq.
— aX
I"B,A- A
e The last rule in D is =, that is, A= D = C and
LD

I.DFC
_ =
ItD=C

i



where D’ is the smallest derivation in NDgeq of the sequent I', D F C, by minimality of D. By induction
hypothesis applied to D’, there is a derivation Dy in NDgeq that proves the sequent I', B, D - C. Then, the
derivation below proves the sequent I', B = A in NDgcq.

Dy
I.B,DFC
Eabid b
I,BFD=C

e The last rule in D is =, that is, for some formula C

> ipr
Dseq 'FC=A TFC
' A ‘

where D’ and D” are the smallest derivations in NDgeq that prove the sequents ' F ¢ = A and I' - C,
respectively, by minimality of D. By induction hypothesis applied to D’ and D”, respectively, there are
derivations Dy and Dy in NDgeq that prove the sequents I'y B = C = A and I' = C. Then, the derivation
below prove the sequent I', B+ A in NDgeq.

LDy i D,
ILB-FC=A T,BFC
e
IBFA

Exercise 7

For any formula B, prove that if I, B, B - A is derivable in NDgeq then so is I} B - A.

Solution to Exercise 7

By induction on the number of rules of the smallest derivation D in NDgeq proving the sequent I', B, B - A. Cases:

e The last rule of D is ax, that is,

—— aX
D = ' BBAFA
where I' = I/, A for some finite multiset I". Then, the derivation below proves the sequent I', B = A in NDgg.
— aX
I",B,AF A
e The last rule in D is =, that is, A = D = C and
LD

D = 1P BDFC
I.B.BFrD—=C

i

where D’ is the smallest derivation in NDgeq of the sequent I', B, B, D - C', by minimality of D. By induction
hypothesis applied to D’, there is a derivation Dy in NDgeq that proves the sequent I', B, D - C. Then, the
derivation below proves the sequent I', B = A in NDgeq.

LDy
I.B.DFC
—
I.BFD=C

7

e The last rule in D is =, that is, for some formula C



D D
I,B,BFC=A T,BB+C
T,B,BF A

Dseq

e

where D’ and D" are the smallest derivations in NDgeq that prove the sequents I, B,B + C' = A and
I, B, B  C, respectively, by minimality of D. By induction hypothesis applied to D’ and D", respectively,
there are derivations D; and Dy in NDgeq that prove the sequents I B+ C = A and I' = C'. Then, the
derivation below proves the sequent I', B = A in NDgcq.

D, Dy
IBFC=A TI,BFC
=
T.BFA

10



