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ﬂ Natural deduction for minimal logic, revisited

G. Guerrieri (Innsbruck) A-calculus, typed and untyped — Lecture 2



ND revisited

Def. We fix an infinite set of labels ranged over by x,y,z,... . A labeled formula is a
pair (x, A), also denoted by x : A or A*, where A is a formula and x is a label.
A set ' of labeled formulas is coherent if A = B whenever A*, BX € T.

Def. A derivation D in ND with hypotheses h(D) and conclusion ¢(D) is:
o either A* for any formula A and any label x, with h(D) = {A*} and ¢(D) = A;

@ or it is obtained from derivations D’, D1, D2 by applying one of the inference rules

= elimination = introduction

: . [A"]

" D1 - D, provided that Y provided that all

) . h(D1) U h(D2) : occurrences of A% in D’

w E is coherent B « are discarded by =7
B =i
A=B
with h(D) = h(D1) U h(D2) with h(D) = h(D') ~ {A*}

and ¢(D) =B and ¢(D)=A=B

Idea. The label x determines how many occurrences of A are discharged by =7.
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Examples of derivations in ND, revisited
Notation. Af*,..., Ay F B (or A?,..., Ay Fnp B) means that there is a derivation in
ND with conclusion B and hypotheses among the labeled formulas A7", ..., A},

Q Provethat A AAF A andFA=AFA= A and B A= AB" - A= A,
andFA= B = A A= B = A

AX
» SR S A,
A:A:i A:>A=>i ﬂ x
A=B=A "'

@ Give two distinct derivations of A - A = AA* I A = A, and two distinct ones of
FA=S A= AFA=S A= A

AX A
A (4] [A*] e [A*] "
— ) # =7 A= A A=A
A=A A= A AL AN S AN
A=A=A A= A=A

@ Prover(A=B)=(B=C)=A=C-(A=B)=(B=C)= A= C and
FA=(B=0C)=A=B)=A=CFA=B=0)=(A=B)= (A= ().

(A= B)] [AZ]:> (A= B=C)] [A] (A= ByY] [A%]
(B=C)] B ‘ B=C ° B ¢
= =e
C . ¢ 2
A:Cé" y A=C ' y
_ Y —_— =7
B=C=A=cC ' ; (A=B)=>(A=C) '
A=B)>(BoC) —AsC (A=>(B=C)=(A=>B)= (A= C) '
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An alternative presentation of ND via sequents: NDseq, revisited

Def. An environment is a partial function with finite domain from labels to formulas. An
environment [ is denoted by x1 : A1,...,xy : Ay if dom(T) = {x1,...,x.} and [(x;) = A:.

A sequent is a pair [ = A of an environment I and a formula A.

Def. A derivation in NDsgeq is a finite tree built up from the inference rules below.

SR rFA=B THA_ Mx:AFB
. e _ X
Fx:AFA r-s r-A=B

Notations. D DND.eq [ F A means that D is a derivation in NDseq with conclusion ' - A.
I -ND,.q A means that ' = A is derivable in NDseq i.e. there is a derivation Dnp,., [ - A.

Idea. In NDseq a derivation makes explicit:
@ the current hypotheses at each inference step;

@ if two occurrences of the same formula should be treated separately (different labels).

Rmk. x : X,y : X is an environment, while x : X, x : X = X is not an environment!

G. Guerrieri (Innsbruck) A-calculus, typed and untyped — Lecture 2 2026/10/23 6 / 31



Examples of derivations in NDsq, revisited

Q Prove x : AFAx: AFA and- A= A- A= A, and
y:BFA=Ay:BFA=A and-FA=B=A-A= B= A.

X:A,y:BI—AaX

y
i

—_—ax*
x:A y:BFA

—aXX
—ax" x:AFA _
CAFA e LT Ty :
X FAS A y BFA=A «  XARB=A_.
FA=B=A
© Give two distinct derivations of x:AF A= Ax:AF A=A, and two distinct ones of
FA=A=A- A= A=A

- y A, x: > A xAFAT
y:A,X:AI—AaX £ y:A,x:AI—AaX M:>¥ # y’—:ﬁ
=Y =Y x:AFA=A ' y:AFA=A
x:AFA=A x:AFA=A = y
FA=A=A FA= A=A
@ Prover(A=B)=(B=C)=A=C-(A=B)=(B=C)= A= C and
FA=(B=0(C)=A=B)=A=CrA=B=0)=(A=B)= (A= ().

ax?

ax* ax ax* ax? ax”
r-A= =B r-A r'-A=B=C rEA r-A=-B r-A
ax: e =e e
r-B==C reB r- B=20C r=B
z:A x:A=B,y:B=CFC z:A y:A=>B, x:A=B=C+ C ¢
=7 z
x:A=B, y:B=>CFA=C ' y:A=>B x:A=>B=CFA=C '
=7 =7
x:A=BF(B=>C)= A=C ' x:A=>B=>CFA=>B)=A=C '
=% x
F(A=B)= (B=C)= A=C ' FA=>B=(C=(A=>B)=>A=C '
B : B. x:A=B=C
2026/10/23 7 /31
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A computational interpretation of ND
Idea. A derivation Dnp AT, ..., Ay b B can be seen as a function t

X1 X
AR el AR

t = (x1,..., Xn) = t(x1, ..., Xn)
B
that associates with derivations Di>np F A1, ..., Dabnp F Ag,
ot o7
AL An

a derivation t(Ds,...,D,) bnp b B obtained by composing D with Dy, ..., D,.

o N/
AL e A,

N

~ Let us see how, by induction on D.
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A computational interpretation of ND: variable

Let the derivation D >np AYY, ..., A¥ = B consist of a single hypothesis AY, that is,
D = A7 (with B = A))
The derivation D can then be seen a function

t = (X1,...,%) X (= projection)

represented by the variable x;. Indeed, given the arguments D; bnp F A1, ..., Dp B FAn,

Rmk. In a derivation, different formulas are associated with different variables.
For several occurrences of A as hypotheses, we choose the same x or another variable.
~ A variable represents a (possibly empty) parcel of hypotheses of the same formula.
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A computational interpretation of ND: abstraction

Let the last rule of the derivation D >np A, ..., Ay - B be =7, that is,
[CY] A neb pw
(with B = C=A). Let

D = s = (yyxt,..y %) = s(y, X1, ..., Xn)

be the function associated with the derivation D’.

C=A =i The derivation D can be seen as the function

(Ay-5)(x-. %n)

to= (a,....x) — (yr—>s(y x1....,xn)) (= currying)
represented by the abstraction \y.s. Indeed, given D1>np F A1, ..., Dabnp FAn,

vvﬁjfv

(€]

[CY] AXI neN AXn
t(D1,..., ):(st(y,Dl,...,D,,))
v :Ay's(ya,Dlw"?D")

(higher order)

C=A =i

C= A
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A computational interpretation of ND: application

Let the last rule of the derivation D >np AT, ..., Ay F B be =, that is,
X1 nEN AXn AXI HEN AXn

Let s; and s> be the functions
= (Xl,.. Xn) > s1(x1, ..., Xn)
= (xa,...,%) = s(x , Xn)

assoaated with the derlvatlons D, and Dz, respectively.

B e
The derivation D can be seen as the function t applying s to s

t = (a,....%) = si(a,.. %) (s20x1, .0, xn) (= application)
represented by the juxtaposition s1s,. Indeed, given Dy >np F A1, ..., Danp F A,
A neN nel
As ,_,E_N A AX1 neN A v v
A=B B
- B t(Dl,...,Dn):sl(Dl,...,Dn)(sz(Dl,...,D,,))

G. Guerrieri (Innsbruck) A-calculus, typed and untyped — Lecture 2 2026/10/23 12 / 31



Summing up: decorating derivations in ND with terms

Given an infinite set of variables x, y, z, ..., terms are built up on the grammar:
s,tu=x| Ax.t| st

Each derivation D in ND is associated with a unique term (D), defined inductively by:

[A*] : :
A%), = D = Ax.(D A e
(A)) = x : = Mx.(D) AB A = (D1):(D2)x
= ?:e
A=B '/, A

Rmk. The variable labeling the hypotheses and =; is crucial to uniquely determine (D).

We have a3 static correspondence between derivations in ND and terms.
@ We can decorate each formula occurrence in a derivation in ND with a term.
o For every derivation D in ND, its term (D), is the decoration of its conclusion.

@ Terms are a concise (and linear) representations of derivations (trees) in ND.
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Dynamics: cut-elimination as a computational step
y[A] €Ny [AY]

Do = —rcut =D

t(y,x): B Y

Nty R) A B T s(X): A R
(/\y.t(y,%.))s(i) B ¢ t(s()?),‘%) B

Rmk. Cut-elimination explains why term juxtaposition can be seen as function application.

The decoration of derivations with terms commutes with cut-elimination via the step:

(Ay.t)s =g t{s/y}

where t{s/y} stands for the substitution of s for the free occurrences of y in t.

ND: D — D’
decorationé idecoration
terms: D, —B> (D)) = (D).
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Examples of decorations of derivations in ND

x 1 [AY]
x : [AY] =
x: A A=A x Ayx:B=A
A= Sy x AsB=A
Ay VA
T A AT N
Ayx: A=A ; Ayy A=A

=7 =7
XAy x:A=A=A XAy y:A=A=A

x:[(A= B = C)] z:[Az]:> v : (A= B)] z:[Az]:>
xz:B=C ‘ yz: B
(2 € _
Az.(xz)(yz) : A= C
Ay Az (xz)(yz): (A= B) = (A= ()

Ax Ay Az (xz)(yz): (A= (B=C))=(A=B)= (A= ()

e

e

z
i

=

i

=%

i
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Example of decorations of derivations in ND with cut-elimination

X [(X = X)) B v X
=7 =7 v X
Mxx:(X=X)=X=X Ayy: X=X ot —————————— =)
= Ayy: X=X
(Axx)Ayy : X=X

Rmk. (Ax.x)A\y.y =g x{\y.y/x} = Ay.y ~~ cut-elimination commutes with decoration.
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Another example of decorations of derivations in ND with cut-elimination

x:[(A=> B = A)] z:[A7] v :[(A= B)] z:[A%]

e =e
xz:B=A yz: B
e
(x2)(yz) : A
—_— =
Az.(xz)(yz) : A= A Ly a: [A7] _
Ay Az (x2)(yz) : (A= B) = (A= A) ' ; Mba:B= A

i i

Ax Ay Az (xz)(yz) : (A= (B=A) = (A=B)= A=A Aa.Ab.a: A= (B = A)
(Ax Ay Az.(xz)(yz))harba: (A= B)= A=A

chut

=e

a: [A%]
YaBmAT

Naba:A= (B=A) ' z:[A%] y:[(A= B)] z:[A7]
(AaAb.a)z:B=>A e yz: B e

((Na.\b.a)z)(yz) : A
Az.((ha.Ab.a)z)(yz) : A= A oy

Ay Az.((haxb.a)z)(yz) : (A= B)= A=A =i
Rmk. (Ax.Ay.Az.(xz)(yz))Aa.Ab.a =g (Ay.Az.(xz)(yz)){ a.\b.a/x} =

Ay.Az.((Aa.Ab.a)z)(yz) ~ cut-elimination commutes with decoration.

=e
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Curry-Howard and inverse decoration: from terms to derivations

So far, we have seen a first taste of the Curry-Howard correspondence:
@ derivations in ND (and NDseq) can be decorated with A-terms;

@ [-reduction (transforming A-terms) mimics cut-elimination steps and vice versa.

Can we invert the process? Can derivations be associated with \-terms?

Question. Given the term A\ f.\x.fx, what is the derivation associated with it?
2 %™
fx:7
LB
Ax.fx :? ‘
B CLSLIN
M Ax.fx 7

Problem. Without knowing the formulas associated with variables, there is no answer.
Question. Given the term MFX=X AxX.fx, what is the derivation associated with it?

Question. Given the term AfX.Ax*.fx, what is the derivation associated with it?

Rmk. Fixing formulas for variables (and hence for the whole term) is crucial!
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The simply typed A-calculus in Curry-style: typing rules

Types: A,B:=X | A= B (given a set of ground types ranged over by X,Y,Z...)

(A-)Terms: s,t 2= x| Ax.t | st (called variable, abstraction, application, respectively)

Def. An environment is a partial function with finite domain from variables to types. An
environment I is denoted by x1 : A1,...,xy 1 An if dom(T) = {x1,...,xp} and ['(x;) = A;.

A judgment is a triple ' = ¢ : A where [ is an environment, ¢ is a term, A is a type.

Def. A derivation in STLC is a finite tree built up from the typing rules below.

ar r,X:/M—t“:BA rFs:B=A Tkt:B,
M- xt:A=B M-st:A

—_— Vi
Mx:AFEx:A

Notation: D>gtLc I F t: A means that D is a derivation in STLC with conclusion I I- t: A.
I FstLc t: A means that there is a derivation D>stic I F t: A in STLC; we then say that
I+ t:Ais derivable in STLC. A term t is typable in STLC if T bgtic t: A for some I, A.

Ex. The terms x, Ax.x, xy and Ax.\y.xy are typable in STLC; xx and Ax.xx are not.

Rmk. Types are the formulas of minimal logic. Derivations in STLC are the ones in NDseq
plus a decorating A-term. A redex in NDseq corresponds to a [-redex in their A-term.
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The simply typed A-calculus in Curry-style: free variables and S-reduction

In Ax.t, the Ax is a binder for the occurrences of x in t not in the scope of another Ax.

Def. The free variables of a term t are the variables that are not bound to a A. Formally,
fv(x) = {x} fv(st) = fv(s) U fv(t) fv(Ax.t) = fv(t) ~ {x}.

Rmk. Let t = (z(Ax.Ay.xy))x. Then fv(t) = {x, z}. Note that the red occurrence of x
is bound to \x, but the blue occurrence of x is unbound, thus x € fv(t).

Proposition
Q If Tkstic t: A, then I, x: Blstic t: A, for any type B and variable x ¢ dom(T).
Q If I FstLc t: A, then fv(t) C dom(r) and I [ﬁ,(t) FstLc t: A.

Moral. If T bstic ¢ : A, then T is essentially a type assignment for fv(t).

B-reduction — 3 is a binary relation on A-terms generated by:
(Ax.t)s =g t{s/x}

where t{s/x} is the capture-avoiding substitution of s for the free occurrences of x in t.
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The capture-avoiding substitution
Naive substitution t[s/x]: replacement of the free occurrences of the variable x in t by s.

Ex: Let t = Ay.yx and s = yy. Then, t[s/x] = Ay.y(yy).
Problem: The free variable y in s has been captured by the X in t. ~~ Undesirable.

Solution: Capture-avoiding substitution t{s/x}
@ first rename the bound variables in t with variables that do not occur in t or s;

@ then perform the substitution of s for the free occurrences of x in t, defined as:

x{s/x}=s y{s/x}=y (y.t){s/x} =Ay.(t{s/x}) (£'t){s/x}=t'{s/x}t{s/x}

~ So, the free variables of s are not captured by the A's in t.

Ex: Let t = Ay.yx and s = yy. Then, t{s/x} = Az.z(yy) = Ax.x(yy) # Ay.y(yy).

Rmk: The operation of renaming the bound variables in a term is called a-equivalence.
~» Capture-avoiding substitution makes sense, as we identify terms up to a-equivalence.

Idea. A bound variable occurrence is muted, it lose its identity and can be renamed.
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Some remarks about the simply typed A-calculus in Curry-style

Rmk. The search for a derivation is uniquely determined by the term (syntax-directed).
~~ To build a derivation D of [ - ¢ : A, just look at t to know the last rule of D (if any).

The types used in the simply typed A-calculus are exactly the formulas of minimal logic.
The inference rules for the simply typed A-calculus are the ones of NDseq plus decoration.

~~ Every derivation in ND/NDseq corresponds to a unique A-term typed in Curry-style.

Question: With every typable term in Curry-style is it associated a unique derivation? Nol

r ar

X:Xl—X:XvaA x:X:>X}—x:X:>XV>\
Faxx: X=X Fxx:(X=X)=X=X

~+ The map from ND/NDs.q derivations to typable terms in Curry-style is not injective!

Idea: In Curry-style, types are extrinsic to terms (dynamic typing, a posteriori)
~~ Let us make them intrinsic to terms (static typing, a priori): Church-style.

G. Guerrieri (Innsbruck) A-calculus, typed and untyped — Lecture 2 2026/10/23 23 / 31



The simply typed A-calculus in Church-style

Idea. Let us make types intrinsic to terms (static typing, a priori): Church-style.
~ Every abstracted variable in a term is associated with some type.

(A-)Terms: s, tz=x | Ax™.t | st (where A is any type, as defined for Curry-style)
Environments and judgments are as in Curry-style. The typing rules of Church-style are:

r Nx:AFt:B \ Fs:B=A TFt:B_
- x*t:A= B MEst: A

————Va
Mx:AFx:A

Derivability of a judgment and typability of a A-term are defined as in Curry-style.

B-reduction (t{s/x} is the capture-avoiding substitution of s for the free occurrences of x in t):

(Axt)s =5 t{s/x}

Rmk. Syntax-directedness and proposition on p. 21 hold true in Church-style as well.

Notations. D Bcurry/church I F t 0 A means that D pstic 't Ain Curry/Church-style.
I Fcurry/Church T 1 A means that there is a derivation D >cyrry/church [ F 1 A.
Fstic (resp. bstic) means Fcury O Fchurch (resp. Dcurry OF >church) indifferently.
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Curry-style versus Church-style

Church-style terms are related to Curry-style terms by the forgetful function [-]:
=x A=l [st] = [s]]e]
Proposition

© If T Fchureh £ : A, then T Fcumy [£] © A.
@ If I Fcurry t: Athen T Fchurch £ A for some ' in Church-style such that [t'] = t.

Proof. By induction on the derivation in Church (Point 1) or Curry (Point 2) style. [

Rmk: Ax*x and Ax*=X x are different terms in Church-style, because X # X = X.

Proposition (Uniqueness of type and derivation for typable terms in Church-style)
If Dochurech THT:Aand D dehurch THt: A, then A= A" and D =D'. J
Proof. By structural induction on t (exercise!). O

~ A bijection between typable terms in Church-style and derivations in ND/NDseq.
~» As B-reduction and cut-elimination mimic each other, it is an isomorphism.
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Some properties of the simply typed A-calculus (Curry and Church style)

Lemma (Substitution)

If r,X :BlFstict: Aand N Fstic s: B, then I FsTLc t{S/X} DA J
Proof. By structural induction on t (exercise!). O
Theorem (Subject reduction)

If I'tstict:Aand t —g s, then T Fstic s : A. J

Proof. By structural induction on t, using the substitution lemma in the key-case. O

Rmk. The converse (subject expansion) does not hold: let A=Y =X=X, s =Ay.\z.z
and t = (Ax.\y.Az.(xz)(yz))Ax.Ay.x, then t =% s and FsTLc 5 : A, but sTic t: A

Theorem (Normalization)
If I Fstic t: A, then there is D pstic I 5 : A without redexes such that t =7 s. J

Proof. Exactly the proof of cut-elimination in ND (uppermostin ND ~~ innermostinA). [

G. Guerrieri (Innsbruck) A-calculus, typed and untyped — Lecture 2 2026/10/23 26 / 31



The Curry-Howard correspondence in a nutshell

minimal logic ‘ simply typed A-calculus ‘ computer science
formula type specification
derivation term program
cut-elimination step B-reduction computation step
derivation without redexes normal form result
cut-elimination theorem normalization termination

Concerning the correspondence between derivations and terms:

derivation in minimal logic \ term in simply typed A-calculus

hypotheses variable
=i abstraction A
e application @
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What have we learned today?

@ How to decorate derivations in natural deduction for minimal logic with A-terms.
@ The procedure of B-reduction on \-terms.

@ Church and Curry styles for the simply typed A-calculus (STLC).

@ The Curry—Howard correspondence between ND for minimal logic and STLC.

@ Some properties of the simply typed A-calculus (subject reduction, normalization).

Questions?

h 4
L4

® |

—

|
L)
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Non-assessed exercises (assessed exercises are available on: click here)

@ Find the simply typed A-terms (in Curry-style and Church-style) associated with the
derivations in ND found for the facts below (see Exercise 1 from Lecture 1).

0 FX=((X=Y)=Y) 0 X=Y=2Z)rY=X=LZ
0 (X=Y)=2 X2 FY=>X=>2Z 06 (X=>Y=22),(X=>YVYEX=>Z
0 (X=Y)=X?*FY=X. 0 (X=X)=Y)YH(Y=2)=Z

@ Perform all possible 3-reduction steps from the A-term decorating the derivation D
in ND on p. 31 of Lecture 1, until you get a S-normal form. Is it always the same?
Compare it with the normal derivation obtained by cut-elimination steps from D.

n times f
. . —

© Prove rigorously the following facts (f"x = f(...(f x)...) for any n € N):

@ A\x.xx is untypable in Curry-style, Ax”.xx is untypable in Church-style for any type A;
© in Church-style, A\fY.AxX.f"x is not typable for any n > 0 but AfY.AxX.x is typable;
© M .Ax.f"x is typable in Curry-style, for all n € N.

Prove that if t is typable in Church or Curry style, then so is every subterm of t.
Prove rigorously the propositions on p. 21 and 25, the lemma and theorems on p. 26.

Let A{B/X} be the type obtained from the type A by substituting B for each
occurrence of the ground type X. Let T{A/X} be its generalization to
environments. Show that if [ Fcury t 1 A, then T{B/X} Fcuny t : A{B/X}.

@ s the previous point valid in Church-style? What change is needed to make it true?
@ Prove that (Ax.(\y.y))Az.zz is not typable (in Curry-style). Deduce that subject
expansion (see p. 26) does not hold in the simply typed A-calculus.
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