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Definitions

> (X1, ..., Xn) = Py X PI* X --+ X py’  Godel number

> (x); = (ni < x) =(p] ™ [ %)

» len(x) = (x)o

» seq(x) <= x>0A(Vi<x)[(x);i#0 = i<len(x)]

len(x) +len( i+1 i+1
> XLy = p yXHpIJr} XHpIen;(erl

i <len(x) i <len(y)

PR is closed under course-of-values recursion:

if g: N” = N and h: N2 — N are primitive recursive then
f(0.¥) = g(¥) fx +1,¥) = h(f(x,¥), x.¥)

with f(x,¥) = (f(0,¥), ..., f(x,¥)) is primitive recursive
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Definition (Ackermann function)

ack(0,y) =y +1
ack(x+1,0) = ack(x,1)
ack(x+ 1,y + 1) = ack(x,ack(x + 1,y))

V primitive recursive function f: N” — N 3 constant c € N such that

f(x1, ..., xn) < ack(c,max{x1, ..., Xn})

Theorem

Ackermann function is not primitive recursive

B universitat ili .
M innsbruck 26W Computability Theory lecture 3 1. Summary of Previous Lecture 4/36



class R of recursive functions is smallest class of total functions that contains all initial
functions and is closed under composition, primitive recursion and (unbounded) minimization:

(i) P(i.7) = min {i | P(i,5))} € R

forall P: N"™' — B such that yp € R and Vy I x P(x,y)

d primitive recursive predicate P: N — B such that
P(x) <= X encodes correct Ackermann computation tree
ack(x,y) =z <= 3t suchthat P(t) and (t)1 = (x,y,2)

ack(x,y) = ((ut) (P(t) A (D11 =x A (D2 = Y)),
Ackermann function is recursive

w

)
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index "f '€ N of derivation of primitive recursive function f is defined inductively:

» "z7 =(0)

> TsT = (1)

» T = (2,n,i)

» Tf7 =(3,"9g","hy!, ..., Thy") if f is obtained by composing g and h, ..., hp

» Tf7 = (4,"g","hT) if f is obtained by primitive recursion from g and h
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Part I: Recursive Function Theory

bounded recursion,
diophantine sets, elementary functions, fixed point theorem,
Fibonacci numbers, Godel’s 5 function, Grzegorczyk hierarchy,
loop programs, normal form theorem, partial recursive functions,
recursive enumerability, recursive inseparability, s—-m-n theorem,
undecidability, while programs

Part ll: Combinatory Logic

abstraction, arithmetization, CL-representability, combinators, combinatorial completeness,
Church numerals, Church-Rosser theorem, Curry—Howard isomorphism, fixed point theorem,
intuitionistic propositional logic, normalization theorem, termination, typing, undecidability,

Z property
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2. Loop Programs
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Loop Programs

simple programming language

» natural numbers are only data type
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» natural numbers are only data type

» variables x, y, z, ...
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Loop Programs

simple programming language

» natural numbers are only data type
» variables x, y, z, ...
» commands

» assignment x:=0
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Loop Programs

simple programming language

» natural numbers are only data type
» variables x, y, z, ...
» commands

» assignment x:=0 X:i=y
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Loop Programs

simple programming language

» natural numbers are only data type
» variables x, y, z, ...
» commands

» assignment x:=0 X:=y

» increment X++
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Loop Programs

simple programming language

» natural numbers are only data type
» variables x, y, z, ...
» commands

» assignment x:=0 X:=y
» increment X++

» composition P;Q
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Loop Programs

simple programming language

» natural numbers are only data type
» variables x, y, z, ...
» commands

» assignment x:=0 X:=y

» increment X+

» composition P;Q

» loop

» LOOP x DO P OD
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Loop Programs

simple programming language

» natural numbers are only data type
» variables x, y, z, ...
» commands

» assignment x:=0 X:=y

» increment X+

» composition P;Q

» loop

» LOOP x DO P OD

execute P exactly n times, where n is value of x before entering loop
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program P:

zZ. =X,
LOOP y DO

ZAapar
oD
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program P:

zZ. =X,
LOOP y DO

ZAapar
oD

computes addition: z=x+y
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program P:

zZ. =X,
LOOP y DO

ZAapar
oD

computes addition: z=x+y

notation: P(x,y;z)
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program P:

multiplication (x,y;z):

Z:=X; z:=0;
LOOP y DO LOOP x DO
Z++ LOOP y DO
oD Z++
oD
computes addition: z=x+y oD
notation: P(x,y;z)
AM_
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program P(x;y):

y:=0;
z2:=0;
LOOP x DO
y =2z
Z++
oD
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program P(x;y):

y:=0;
z2:=0;
LOOP x DO
y =2z
Z++
oD

computes predecessor: y = p(x)
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program P(x;y):
y:=0;
z:=0;
LOOP x DO

y:i=2z;
Z++
oD

computes predecessor: y = p(x)

program Q(x;y):

y:=0;
z:=0;
Z++;
LOOP x DO

y:i =z
oD
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program P(x;y): program Q(x;y):
y:=0; y:=0;
z:=0; z:=0;
LOOP x DO Z++;
y:i=2z; LOOP x DO
Z++ yi=z
oD oD
computes predecessor: y = p(x) computes sign function: y = sg(x)
_ AM_
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Lemma

loop programs terminate
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loop programs terminate

function f: N” — N is loop computable if 3 loop program P(x1, ..., Xn;¥) such that

after execution of P
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loop programs terminate

function f: N” — N is loop computable if 3 loop program P(x1, ..., Xp;y) such that

y = f(x1, ..., Xn)

after execution of P

primitive recursive functions are loop computable
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» zero y = z(x) y:=0

13/36
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» zero y = z(x) y:=0

» successor y = s(x) yi=Xx; y++
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» Zero y = Z(X) y:=0
» successor y = s(x) V=X y++
» projection y = 7(X1, ..y Xn) yi=x;

13/36
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» zero y = z(x) y:=0
» successor y = s(x) yi=Xx; y++
» projection y =7m (X1, ..., Xn) y =X
» composition y = g(hi(X1, -y Xm), -+ -y hn(X1, .-+, Xm))
Phy(X1y oo s XmiY1) s oo Pay(X1s ooy XmiYn) i Pg(Y1s oo s YniY)

13/36
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composition

o XmiYn)i Pg(Ya, -, YniY)

Pg(y1, -+, ¥Yni 2);

v:i=0;

LOOP x DO
Ph(z,v,y1, ..o\ YmiW);
Z . =W,
v++

oD

Computability Theory

13/36



loop computable functions are primitive recursive
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loop computable functions are primitive recursive

» loop program P with variables x;, ..., x;
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loop computable functions are primitive recursive

» loop program P with variables xi, ..., X,
» claim: 3 primitive recursive functions fi, ..., f,: N” — N such that
if X1, ..., X, have values a1, ..., a, before execution of P
then x; has value fi(ai, ..., a,) after execution of P, forall 1 <i < n
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loop computable functions are primitive recursive

» loop program P with variables xi, ..., X,
» claim: 3 primitive recursive functions fi, ..., f,: N” — N such that
if X1, ..., X, have values a1, ..., a, before execution of P
then x; has value fi(ai, ..., a,) after execution of P, forall 1 <i < n

» claim is proved by induction on structure of P (details left as exercise)
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loop computable functions are primitive recursive

» loop program P with variables xi, ..., X,
» claim: 3 primitive recursive functions fi, ..., f,: N” — N such that
if X1, ..., X, have values a1, ..., a, before execution of P
then x; has value fi(ai, ..., a,) after execution of P, forall 1 <i < n

» claim is proved by induction on structure of P (details left as exercise)

fo(x,y) = f5(x,y,0,0,0) for loop program P with input variables x; and xz,

output variable x3, and auxiliary variables x; and xs
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3. Elementary Functions
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class E of elementary functions is smallest class of (total) functions f: N” — N that contains
all initial functions, 4+, — and is closed under composition, bounded summation and bounded
product
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class E of elementary functions is smallest class of (total) functions f: N” — N that contains

all initial functions, 4+, — and is closed under composition, bounded summation and bounded
product

x x y, x¥ and x! are elementary functions
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class E of elementary functions is smallest class of (total) functions f: N” — N that contains

all initial functions, 4+, — and is closed under composition, bounded summation and bounded
product

x x y, x¥ and x! are elementary functions:

xxy=>Yy=> m3iy)

i<x i <x
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class E of elementary functions is smallest class of (total) functions f: N” — N that contains

all initial functions, 4+, — and is closed under composition, bounded summation and bounded
product

x x y, x¥ and x! are elementary functions:

xxy=>Yy=> m3iy)

i<x i <x

x’ = [[x=[[730.x)

i<y i<y
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class E of elementary functions is smallest class of (total) functions f: N” — N that contains

all initial functions, 4+, — and is closed under composition, bounded summation and bounded
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x x y, x¥ and x! are elementary functions:

xxy=>Yy=> m3iy)
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Lemma

E is closed under bounded minimization
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E is closed under bounded minimization

» consider f(x,y) = (ui < x) (g(i,y) = 0) with g € E
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E is closed under bounded minimization

» consider f(x,y) = (ui < x) (g(i,y) = 0) with g € E

» elementary function

f/(X7Y) = Z 1;9(1")7)

i<x
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E is closed under bounded minimization

» consider f(x,y) = (ui < x) (g(i,y) = 0) with g € E

» elementary function

f/(X7Y) = Z 1;9(1")7)

i<x

counts how many values i € {0, ..., x} satisfy g(i,y) = 0

B universitat i i
thhebruck 26W Computability Theory lecture 3 3. Elementary Functions 17/36



E is closed under bounded minimization

» consider f(x,y) = (ui < x) (g(i,y) = 0) with g € E

» elementary function

i<x
counts how many values i € {0, ..., x} satisfy g(i,y) = 0
» f(x,y) = Z 1-f(i,y) iselementary
i<x

B universitat i i
thhebruck 26W Computability Theory lecture 3 3. Elementary Functions 17/36



Lemma

elementary functions are primitive recursive

B universitat ili i
B hhebruck 26W Computability Theory lecture 3 3. Elementary Functions 18/36



elementary functions are primitive recursive

binary function 2,(y) is defined by primitive recursion

20(y) =y 2,41(y) = 2>
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elementary functions are primitive recursive

binary function 2,(y) is defined by primitive recursion

20(y) =y 2,41(y) = 2>

203)=3 21(3)=22=8  2,(3) =28 =256
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elementary functions are primitive recursive

binary function 2,(y) is defined by primitive recursion

20(y) =y 2,41(y) = 2>

V elementary function f: N7 — N 3 constant ¢ € N such that

f(X1, ..., Xn) < 2c(max{x1, ..., Xn})
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induction on definition of elementary functions
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induction on definition of elementary functions

» initial functions

z(x) =0 < 2 = 2:(x)
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induction on definition of elementary functions

» initial functions
z(x) = 0 < 2¥ = 21(x)
s(x) = x+1 < 2% = 2;(x)
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induction on definition of elementary functions

» initial functions
z(x) = 0 < 2¥ = 21(x)
s(x) = x+1 < 2% = 2;(x)

(X1, -y Xp) = X; < Max{xy, ..., Xp} < 21(Max{xy, ..., Xn})
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induction on definition of elementary functions

» initial functions
z(x) = 0 < 2¥ = 21(x)
s(x) = x+1 < 2% = 2;(x)

(X1, -y Xp) = X; < Max{Xxy, ..., Xp} < 21(Mmax{xy, ..., Xn})

» + and — Xy <x+y<2xmax{x,y} < 2;(max{x,y})
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induction on definition of elementary functions

» initial functions

z(x) =0 < 2¥ = 2:(x)

s(x) = x+1 < 2% =2,(x)

(X1, -y Xp) = X; < Max{Xxy, ..., Xp} < 21(Mmax{xy, ..., Xn})
» + and — Xy <x+y<2xmax{x,y} < 2;(max{x,y})

» composition f(X) = g(h1(X), ..., hn(X))
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induction on definition of elementary functions

» initial functions
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induction on definition of elementary functions

» initial functions
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f(X) < 2c(max{h1(X), ..., hm(X)})
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induction on definition of elementary functions
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induction on definition of elementary functions

» initial functions

z(x) =0 < 2¥ = 2:(x)

s(x) = x+1 < 2% =2,(x)

(X1, -y Xp) = X; < Max{Xxy, ..., Xp} < 21(Mmax{xy, ..., Xn})
» + and — Xy <x+y<2xmax{x,y} < 2;(max{x,y})
» composition f(X) = g(h1(X), ..., hn(X))

g(¥) < 2c(max{y})  hi(X) < 2q(max{x}) forall 1 <i<m

(%) < 2e(max {m(X), ..., hm(%)}) < 2c(max {2¢,(max (X)), ..., 2c,(max {%})})
= Zc(zmax{cl,A..,Cm}(max{)?}))
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induction on definition of elementary functions

» initial functions

z(x) =0 < 2¥ = 2:(x)

s(x) = x+1 < 2% =2,(x)

(X1, -y Xp) = X; < Max{Xxy, ..., Xp} < 21(Mmax{xy, ..., Xn})
» + and — Xy <x+y<2xmax{x,y} < 2;(max{x,y})
» composition f(X) = g(h1(X), ..., hn(X))

g(¥) < 2c(max{y})  hi(X) < 2q(max{x}) forall 1 <i<m

f(X) < 2c(max{hi(X), ..., hm(X)}) < 2c(max {2, (max{x}), ..., 2, (max{x})})

= 2C(2max{c1,A..,Cm}(max{)?})) - 26+ma><{617~~-;Cm}(max{)?})
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Proof (cont’d)

induction on definition of elementary functions

» bounded summation f(x, ¥) Zg(l V)
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Proof (cont’d)

induction on definition of elementary functions

» bounded summation f(x,y) Zg(l y) with g(i,y) < 2c(max{i,y})
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Proof (cont’d)

induction on definition of elementary functions

» bounded summation f(x,y) Zg(l y) with g(i,y) < 2c(max{i,y})

f(x,¥) < (x+1) x 2c(max{x,y})
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Proof (cont’d)

induction on definition of elementary functions

» bounded summation f(x,y) Zg(l y) with g(i,y) < 2c(max{i,y})

f(x,¥) < (x+1) x 2c(max{x,y}) < 22(max{x,y}) x 2c(max {x,y })
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Proof (cont’d)

induction on definition of elementary functions

» bounded summation f(x,y) Zg(l y) with g(i,y) < 2c(max{i,y})

f(x,¥) < (x+1) x 2c(max{x,y}) < 22(max{x,¥}) x 2c(max {x,y }) < 2cy3(max{x,y})
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Proof (cont’d)

induction on definition of elementary functions

» bounded summation f(x,y) Zg i,y) with g(i,y) < 2c(max{i,y})

f(x,¥) < (x+1) x 2c(max{x,y}) < 2a2(max {x,y }) x 2c(max{x,y}) < 2c,3(max{x,y})

x¥ < 23(max{x,y})
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Proof (cont’d)

induction on definition of elementary functions

» bounded summation f(x,y) Zg i,y) with g(i,y) < 2c(max{i,y})

f(x,¥) < (x+1) x 2c(max{x,y}) < 2a2(max {x,y }) x 2c(max{x,y}) < 2c,3(max{x,y})

XV < 23(max {x,y})

L 2Y
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Proof (cont’d)

induction on definition of elementary functions

» bounded summation f(x,y) Zg i,y) with g(i,y) < 2c(max{i,y})

f(x,¥) < (x+1) x 2c(max{x,y}) < 2a2(max {x,y }) x 2c(max{x,y}) < 2c,3(max{x,y})

XV < 23(max {x,y})

2x+y

x¥ <29 <
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Proof (cont’d)

induction on definition of elementary functions

» bounded summation f(x,y) Zg i,y) with g(i,y) < 2c(max{i,y})

f(x,¥) < (x+1) x 2c(max{x,y}) < 2a2(max {x,y }) x 2c(max{x,y}) < 2c,3(max{x,y})

XV < 23(max {x,y})

22max{x,y}

XV <29 <27 <2
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Proof (cont’d)

induction on definition of elementary functions

» bounded summation f(x,y) Zg i,y) with g(i,y) < 2c(max{i,y})

f(x,¥) < (x+1) x 2c(max{x,y}) < 2a2(max {x,y }) x 2c(max{x,y}) < 2c,3(max{x,y})

XV < 23(max {x,y})

{x v}
2x+y 22max
<2

x¥ < 2% <2 = 23(max{x,y})
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Proof (cont’d)

induction on definition of elementary functions

» bounded product f(x,¥) Hg i,y)
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Proof (cont’d)

induction on definition of elementary functions

» bounded product f(x,y) Hg i,y) with g(i,y) < 2c(max{i,y})
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Proof (cont’d)

induction on definition of elementary functions

» bounded product f(x,y) Hg i,y) with g(i,y) < 2c(max{i,y})

f(x,¥) < 2c(max {x,y })***
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Proof (cont’d)

induction on definition of elementary functions

» bounded product f(x,y) Hg i,y) with g(i,y) < 2c(max{i,y})

f(x,¥) < 2c(max{x,¥})**? < 2. (max {x,y })2maxtxs}
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Proof (cont’d)

induction on definition of elementary functions

» bounded product f(x,y) Hg i,y) with g(i,y) < 2c(max{i,y})

f(x,y) < 2c(max{x, y})’“rl 2. (max {x, y})21 max{x,y})
< 23(max {2.(max {x,y }),21(max {x,y })})
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Proof (cont’d)

induction on definition of elementary functions

» bounded product f(x,y) Hg i,y) with g(i,y) < 2c(max{i,y})

f(x,¥) < 2c(max{x,¥})**? < 2. (max {x,y })2maxtxs}
< 23(max {2c(max {x,y }),21(max {x,¥ })}) = 23(2max{c,1}(Max {x,y }))
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Proof (cont’d)

induction on definition of elementary functions

» bounded product f(x,y) Hg i,y) with g(i,y) < 2c(max{i,y})

f(X,Y) < ZC(max {X,y})x—&-l < 2 (max{x y})21 max{x,y})
< 23(max {2:(max {x,¥ }),21(max{x,¥ })}) = 23(2max{c,13(Max{x,y }))
= 23+max{c,1}(maX{X7Y})
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Proof (cont’d)

induction on definition of elementary functions

» bounded product f(x,y) Hg i,y) with g(i,y) < 2c(max{i,y})

f(x,¥) < 2c(max {x,¥ })* < 2.(max{x,y })z(maxixyh
23(max {2c(max {x,y }), 21(max {x,¥ ) }) = 23(2max{c,1}(max{x, ¥ }))
= 23+max{c,1}(maX{X7Y})

N
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Proof (cont’d)

induction on definition of elementary functions

» bounded product f(x,y) Hg i,y) with g(i,y) < 2c(max{i,y})

f(x,y) < 2c(max{x,y })*™ < 2.(max{x, y})21 max{x, 7 })
23(max {2:(max{x,y }),21(max{x,¥ })}) = 23(2max{c,13(Mmax{x,y }))

- 23+max{c‘,1}(max {va})

N

E C PR

if primitive recursive function 2,(y) is elementary then 2,(y) < 2.(max{x,y}) for some
constant ¢
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Proof (cont’d)

induction on definition of elementary functions

» bounded product f(x,y) Hg i,y) with g(i,y) < 2c(max{i,y})

f(x,y) < 2c(max{x,y })*™ < 2.(max{x, y})21 max{x, 7 })
23(max {2:(max {x,y }),21(max{x,¥ })}) = 23(2max{c,13(Max{x,y }))
= 23+max{c,1}(maX{X7Y})

N

E C PR

if primitive recursive function 2,(y) is elementary then 2,(y) < 2.(max{x,y}) for some
constant ¢ and thus 2.(c) < 2.(max{c,c}) = 2-(c)
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Definition (bounded recursion)

class C of numeric functions is closed under bounded recursion if f: N"*! — N defined by
primitive recursion from g: N7 — N € C and h: N"*2 — N € C and satisfying

for some i: N"*1 — N € C different from f belongs to C
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Definition (bounded recursion)

class C of numeric functions is closed under bounded recursion if f: N"*! — N defined by
primitive recursion from g: N7 — N € C and h: N"*2 — N € C and satisfying

for some i: N"*1 — N € C different from f belongs to C

Definitions

> eo(x,y) =x+y
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Definition (bounded recursion)

class C of numeric functions is closed under bounded recursion if f: N"*! — N defined by
primitive recursion from g: N7 — N € C and h: N"*2 — N € C and satisfying

for some i: N"*1 — N € C different from f belongs to C

> eo(xy) =x+y ei(x)=x*+2
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Definition (bounded recursion)

class C of numeric functions is closed under bounded recursion if f: N"*! — N defined by
primitive recursion from g: N7 — N € C and h: N"*2 — N € C and satisfying

for some i: N"*1 — N € C different from f belongs to C

Definitions

> eo(xy) =x+y ei(x)=x*+2

) 2 if x =0
> €h12(X) =
" ensi(ensa(x — 1)) if x > 0
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Definition (bounded recursion)

class C of numeric functions is closed under bounded recursion if f: N"*! — N defined by
primitive recursion from g: N7 — N € C and h: N"*2 — N € C and satisfying

for some i: N"*1 — N € C different from f belongs to C

Definitions

> eo(xy) =x+y ei(x)=x*+2

) 2 if x =0
> €h12(X) =
" ensi(ensa(x — 1)) if x > 0

62(0) =2
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Definition (bounded recursion)

class C of numeric functions is closed under bounded recursion if f: N"*! — N defined by
primitive recursion from g: N7 — N € C and h: N"*2 — N € C and satisfying

for some i: N"*1 — N € C different from f belongs to C

Definitions

> eo(xy) =x+y ei(x)=x*+2

) 2 if x =0
> €h12(X) =
" ensi(ensa(x — 1)) if x > 0

e2(0) =2  ey(1) = ei(e2(0))
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Definition (bounded recursion)

class C of numeric functions is closed under bounded recursion if f: N"*! — N defined by
primitive recursion from g: N7 — N € C and h: N"*2 — N € C and satisfying

for some i: N"*1 — N € C different from f belongs to C

Definitions

> eo(xy) =x+y ei(x)=x*+2

) 2 if x =0
> €h12(X) =
" ensi(ensa(x — 1)) if x > 0

e(0) =2 e(1) = ei(e2(0)) = e1(2)
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Definition (bounded recursion)

class C of numeric functions is closed under bounded recursion if f: N"*! — N defined by
primitive recursion from g: N7 — N € C and h: N"*2 — N € C and satisfying

for some i: N"*1 — N € C different from f belongs to C

Definitions

> eo(xy) =x+y ei(x)=x*+2

) 2 if x =0
> €h12(X) =
" ensi(ensa(x — 1)) if x > 0

62(0) =2 ez(l) = el(ez(O)) = 61(2) =®
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Definition (bounded recursion)

class C of numeric functions is closed under bounded recursion if f: N"*! — N defined by
primitive recursion from g: N7 — N € C and h: N"*2 — N € C and satisfying

for some i: N"*1 — N € C different from f belongs to C

Definitions

> eo(xy) =x+y ei(x)=x*+2

) 2 if x =0
> €h12(X) =
" ensi(ensa(x — 1)) if x > 0

62(0) =2 ez(l) =6 62(2) = el(ez(l))

B universitat i i
thhebruck 26W Computability Theory lecture 3 4. Grzegorczyk Hierarchy 23/36



Definition (bounded recursion)

class C of numeric functions is closed under bounded recursion if f: N"*! — N defined by
primitive recursion from g: N7 — N € C and h: N"*2 — N € C and satisfying

for some i: N"*1 — N € C different from f belongs to C

Definitions

> eo(xy) =x+y ei(x)=x*+2

) 2 if x =0
> €h12(X) =
" ensi(ensa(x — 1)) if x > 0

62(0) =2 ez(l) =6 62(2) = el(ez(l)) = 61(6) — 38
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Definition (bounded recursion)

class C of numeric functions is closed under bounded recursion if f: N"*! — N defined by
primitive recursion from g: N7 — N € C and h: N"*2 — N € C and satisfying

for some i: N"*1 — N € C different from f belongs to C

Definitions

> eo(xy) =x+y ei(x)=x*+2

) 2 if x =0
> €h12(X) =
" ensi(ensa(x — 1)) if x > 0

62(0) =2 ez(l) =6 62(2) = 38 62(3) = 61(62(2)) = 61(38) = 1446
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2 if x=0
en+1(en+2(X = 1)) if x>0

ent2(x)

i 24/36
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i x — if x = 0
enia() = {2 o () = {y Vo
T Lenia(enia(x— 1)) if x> 0 FFCD(y)) if x > 0

enia(x) = )1 (2)

i 24/36
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b = 2 if x =0
e enti(ent2(x—1)) if x>0

enia(x) = )1 (2)

induction on x
> eni2(0) = 2 = el (2)
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ent2(x) = g o
e en+1(€nt2(x — 1)) if x>0

eni2(x) = e(nxll(z)

induction on x
> €542(0) =2 = e(nOJ)rl(z)

> enia(x+1) = enri(eni2(x))
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eniax) = 2 if x =20
e enti(ent2(x—1)) if x>0

ent2(x) = e, (2)

induction on x
> en12(0) = 2 = el (2)

» en2(x+1) = epri(enta(x)) = en+1(e(nxll(2))
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b = 2 if x =0
e enti(ent2(x—1)) if x>0

enia(x) = )1 (2)

induction on x
> eni2(0) = 2 = el (2)

> eni2(x+1) = ensien2(x)) = ena(el)1(2)) = el (2)
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Definitions
» Eq is smallest class of functions that contains all initial functions
and is closed under composition and bounded recursion
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» Eq is smallest class of functions that contains all initial functions

and is closed under composition and bounded recursion

» E,.; is smallest class of functions that contains all initial functions, eg, e,
and is closed under composition and bounded recursion
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» Eq is smallest class of functions that contains all initial functions
and is closed under composition and bounded recursion

» E,;1 is smallest class of functions that contains all initial functions, eq, e,
and is closed under composition and bounded recursion

Eo contains f(x) = x + 2
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» Eq is smallest class of functions that contains all initial functions
and is closed under composition and bounded recursion

» E,;1 is smallest class of functions that contains all initial functions, eq, e,
and is closed under composition and bounded recursion

Eo contains f(x) = x + 2

E; contains f(x) = 4x
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» Eq is smallest class of functions that contains all initial functions
and is closed under composition and bounded recursion

» E,;1 is smallest class of functions that contains all initial functions, eq, e,
and is closed under composition and bounded recursion

Eo contains f(x) = x + 2
E; contains f(x) = 4x

E, contains f(x) = x
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» Eq is smallest class of functions that contains all initial functions
and is closed under composition and bounded recursion

» E,;1 is smallest class of functions that contains all initial functions, eq, e,
and is closed under composition and bounded recursion

Eo contains f(x) = x + 2
E; contains f(x) = 4x
E, contains f(x) = x*
Es; contains f(x) = 2%
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Lemma

Vf:N" -NeEy, JceN suchthat f(xy,...,xy) < max{xy, ..., xp,}+cC
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Vf:N" -N€eEy, dceN suchthat f(xi,...,X,) < max{xy,...,Xn}+C

i 26/36
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Vf:N" -N€eEy, dceN suchthat f(xi,...,X,) < max{xy,...,Xn}+C

i 26/36
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Vf:N" -N€eEy, dceN suchthat f(xi,...,X,) < max{xy,...,Xn}+C

» z(x) < x
» s(x) < x+1
> 7 (X1, oy Xn) < X; < Max{Xy, ..., X}

i 26/36
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Vf:N" -N€eEy, dceN suchthat f(xi,...,X,) < max{xy,...,Xn}+C

> Tr,(xl,...,xn) < xj < max{xy, ..., Xp}

» f is obtained by composing g and hy, ..., hpy

f(X) = 9(h1(X), ..., hm(X))
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Vf:N" -N€eEy, dceN suchthat f(xi,...,X,) < max{xy,...,Xn}+C

> Tr,(xl,...,xn) < xj < max{xy, ..., Xp}

» f is obtained by composing g and hy, ..., hpy

F(%) = g(hy (%), ..., hm(X)) < max {hy(%), ..., hm(%)} + ¢4 g € E
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Vf:N" -N€eEy, dceN suchthat f(xi,...,X,) < max{xy,...,Xn}+C

> Tr,(xl,...,xn) < xj < max{xy, ..., Xp}

» f is obtained by composing g and hy, ..., hpy

f(X)

><l

g(h1(X), ..., hm(X)) < max{hi(X), ..., hm(X)} + ¢4 g€k
< max{x}+max{cn, ..., Ch, } +¢g hi, ..., hm € Eg
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Vf:N" -N€eEy, dceN suchthat f(xi,...,X,) < max{xy,...,Xn}+C

» (X1, ...,xn) < xj < max{xy, ..., Xp}
» f is obtained by composing g and h, ..., hp,
F(%) = 9 (R), .., hm(%)) < max {h1(%), ..., hn(%)} + ¢ gk
< max{x}+max{cn, ..., Ch, } +¢g hi, ..., hm € Eg

» f is obtained by bounded recursion from g and h with bound i

f(X) < i(X)
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Vf:N" -N€eEy, dceN suchthat f(xi,...,X,) < max{xy,...,Xn}+C

» (X1, ...,xn) < xj < max{xy, ..., Xp}
» f is obtained by composing g and hy, ..., hpy
f(X) = g(M(R), .., hn(X)) < max {h1(F), ..., hn(X)} + ¢

< max{x}+max{cn, ..., Ch, } +¢g ha, ...,

» f is obtained by bounded recursion from g and h with bound i

f(X) <i(X) < max{xi, ..., Xn}+¢C;

g € Eo
hm € Ep

i € Eg
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Lemma

Vf:N" — N € E; 3linear function g: N” — N suchthat f(xy, ..., X5) < g(x1, ..., Xp)
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Vf:N" — Ne€E; Jlinear function g: N” — N suchthat f(xy, ..., Xn) < g(X1, ..., Xn)

i 27/36
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Vf:N" — Ne€E; Jlinear function g: N” — N suchthat f(xy, ..., Xn) < g(X1, ..., Xn)

>

» f=ey=Xx+Yy
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Vf:N" — Ne€E; Jlinear function g: N” — N suchthat f(xy, ..., Xn) < g(X1, ..., Xn)

> ocoo

» f=ey=Xx+Yy

» f is obtained by composing g and hy, ..., hpy

F(X) = g(M(X), ..., hn(X)) < lo(ha (), ..., (X)) gek
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Vf:N" — Ne€E; Jlinear function g: N” — N suchthat f(xy, ..., Xn) < g(X1, ..., Xn)

> ocoo

» f=ey=Xx+Yy

» f is obtained by composing g and hy, ..., hpy

f(X) = g(hi(X), ..., hm(X)) < £g(h1(X), ..., hm(X)) gek
< ly(bpy (%), -, Uy (%)) hi, ..., hm € Ep
AM_
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Vf:N" — Ne€E; Jlinear function g: N” — N suchthat f(xy, ..., Xn) < g(X1, ..., Xn)

> ocoo

» f=ey=Xx+Yy

» f is obtained by composing g and hy, ..., hpy
f(X) = g(hi(X), ..., hm(X)) < Lg(h1(X), ..., hm(X)) gek;
< lg(bp (X)), - .., lh, (X)) hi, ..., hm € Ex

linear functions are closed under composition
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Lemma

O en(x) > x Yn>1Vx >0

B universitat ili i
B ihnsbruck 26W  Computability Theory lecture 3 4. Grzegorczyk Hierarchy 28/36



Lemma

O en(x) > x 0
0

n

WV

X

WV

A 1V
@ ep(x+1) > enx) VYn>1Vx >
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O en(x) > x Yn>1Vx >0
@ ep(x+1) > enx) Yn>1Vx >0
O eni1(x) = en(x) Vn>1Vx >0
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O en(x) > x
@ ep(x+1) > enx)
O en1(x) > en(x)

0 enn(x+k) = eP(x)
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en(x) > x YVn>1Vx >0
en(x+1) > en(x) Yn>1Vx >0
ent1(x) = en(x) Yn>1Vx >0
en+1(x+k)>e(nk)(x) Vn>1Vx>0Vk >0

inductionon n > 0
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en(x) > x YVn>1Vx >0
en(x+1) > en(x) Yn>1Vx >0
ent1(x) = en(x) Yn>1Vx >0
en+1(x+k)>e(nk)(x) Vn>1Vx>0Vk >0

inductionon n > 0

» e1(x) = x2+2
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en(x) > x YVn>1Vx >0
en(x+1) > en(x) Yn>1Vx >0
ent1(x) = en(x) Yn>1Vx >0
en+1(x+k)>e(nk)(x) Vn>1Vx>0Vk >0

inductionon n > 0

» e1(x) =x2+2 > x
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en(x) > x YVn>1Vx >0
en(x+1) > en(x) Yn>1Vx >0
ent1(x) = en(x) Yn>1Vx >0
en+1(x+k)>e(nk)(x) Vn>1Vx>0Vk >0

inductionon n > 0

»er(x) =x2+2 > x

» inductionon x > 0
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en(x) > x YVn>1Vx >0
en(x+1) > en(x) Yn>1Vx >0
ent1(x) = en(x) Yn>1Vx >0
en+1(x+k)>e(nk)(x) Vn>1Vx>0Vk >0

inductionon n > 0

»er(x) =x2+2 > x
» inductionon x > 0

> €41(0) =2
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en(x) > x YVn>1Vx >0
en(x+1) > en(x) Yn>1Vx >0
ent1(x) = en(x) Yn>1Vx >0
en+1(x+k)>e(nk)(x) Vn>1Vx>0Vk >0

inductionon n > 0

»er(x) =x2+2 > x
» inductionon x > 0

> en+1(0) =2>0

M universitat i « Hierarch vl
innsbruck 26W Computability Theory lecture 3 4. Grzegorczy! i y /



en(x) > x YVn>1Vx >0
en(x+1) > en(x) Yn>1Vx >0
ent1(x) = en(x) Yn>1Vx >0
en+1(x+k)>e(nk)(x) Vn>1Vx>0Vk >0

inductionon n > 0

» e1(x) =x2+2 > x
» inductionon x > 0
» e,0.1(0)=2>0

» eni(x+1) = ep(enii(x))
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en(x) > x YVn>1Vx >0
en(x+1) > en(x) Yn>1Vx >0
ent1(x) = en(x) Yn>1Vx >0
en+1(x+k)>e(nk)(x) Vn>1Vx>0Vk >0

inductionon n > 0

» e1(x) =x2+2 > x
» inductionon x > 0
» e,0.1(0)=2>0

> enp1(x +1) = ep(enta(x)) > enta(x)
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en(x) > x YVn>1Vx >0
en(x+1) > en(x) Yn>1Vx >0
ent1(x) = en(x) Yn>1Vx >0
en+1(x+k)>e(nk)(x) Vn>1Vx>0Vk >0

inductionon n > 0

» e1(x) =x2+2 > x
» inductionon x > 0

> e,:1(0)=2>0

> enpa(x +1) = ep(enta(x)) > enta(x) > x
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en(x) > x YVn>1Vx >0
en(x+1) > en(x) Yn>1Vx >0
ent1(x) = en(x) Yn>1Vx >0
en+1(x+k)>e(nk)(x) Vn>1Vx>0Vk >0

inductionon n > 0

»er(x) =x2+2 > x
» inductionon x > 0

> en+1(0) =2>0
> enn(x+1) = en(enta(x)) > enpilx) > x = enpa(x+1)>x+1
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en(x) > x YVn>1Vx >0
en(x+1) > en(x) Yn>1Vx >0
ent1(x) = en(x) Yn>1Vx >0
en+1(x+k)>e(nk)(x) Vn>1Vx>0Vk >0

inductionon n > 0
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en(x) > x YVn>1Vx >0
en(x+1) > en(x) Yn>1Vx >0
ent1(x) = en(x) Yn>1Vx >0
en+1(x+k)>e(nk)(x) Vn>1Vx>0Vk >0

inductionon n > 0

» er(x+1) = (x+1)2+2
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en(x) > x YVn>1Vx >0
en(x+1) > en(x) Yn>1Vx >0
ent1(x) = en(x) Yn>1Vx >0
en+1(x+k)>e(nk)(x) Vn>1Vx>0Vk >0

inductionon n > 0

> ei(x+1) = (x+1)24+2>x*+2 = ey(x)
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en(x) > x YVn>1Vx >0
en(x+1) > en(x) Yn>1Vx >0
ent1(x) = en(x) Yn>1Vx >0
en+1(x+k)>e(nk)(x) Vn>1Vx>0Vk >0

inductionon n > 0
> ei(x+1) = (x+1)24+2>x*+2 = ey(x)

> epri(x+1) = ep(enti(x))
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en(x) > x YVn>1Vx >0
en(x+1) > en(x) Yn>1Vx >0
ent1(x) = en(x) Yn>1Vx >0
en+1(x+k)>e(nk)(x) Vn>1Vx>0Vk >0

inductionon n > 0
> ei(x+1) = (x+1)24+2>x*+2 = ey(x)

> ent1(x +1) = ep(enta(x)) > ena(x) by
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en(x) > x YVn>1Vx >0
en(x+1) > en(x) Yn>1Vx >0
ent1(x) = en(x) Yn>1Vx >0
en+1(x+k)>e(nk)(x) Vn>1Vx>0Vk >0

inductionon n > 0
> ei(x+1) = (x+1)24+2>x*+2 = ey(x)

> ent1(x +1) = ep(enta(x)) > ena(x) by

homework exercise
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VE:NT - NecEp, JkeN suchthat f(xg, ..., xm) < epj;(max{xy, ..., Xm})
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Vf:N" - N€E,, JkeN suchthat f(x1,...,Xxm) < enll(max{xl, ceos Xm})

» z(x) =0< x = e(noll(x)
» s(x) =x+1< x> +2=e(x)
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Vf:N" - N€E,, JkeN suchthat f(x1,...,Xxm) < enll(max{xl, ceos Xm})

> 2(x) = 0 < x = e, (x)
»s(x) =x+1<x2+2=-¢e1(x) < ef}jl(x)
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Vf:N" - N€E,, JkeN suchthat f(x1,...,Xxm) < enll(max{xl, ceos Xm})

> 2(x) = 0 < x = e, (x)
»s(x) =x+1<x2+2=-¢e1(x) < ef}jl(x)

» (X1, ..., Xn) = X
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Vf:N" - N€E,, JkeN suchthat f(x1,...,Xxm) < enll(max{xl, ceos Xm})

> 2(x) = 0 < x = e, (x)
»s(x) =x+1<x2+2=-¢e1(x) < ef}jl(x)

> (X1, - Xn) = X < ex(x))
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Vf:N" - N€E,, JkeN suchthat f(x1,...,Xxm) < enll(max{xl, ceos Xm})

> 2(x) = 0 < x = e, (x)
»s(x) =x+1<x2+2=-¢e1(x) < ef}il(x)

» (X1, ..., Xn) = X; < e1(x;) < er(max{X}) < e(nlJ)rl(max {X})
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Vf:N” - N€E,, dkeN suchthat f(xy,...,xn) <e

1< +2=ey(x) < ey (x)

(X1, . Xn) = Xi < e1(xi) < ex(max{X}) < e, (max{X})
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Vf:N” - N€E,, dkeN suchthat f(xy,...,xn) <e

z(x) =0 < x = e, /;(x)
s(x) = x+1<x2+2=e(x) <el (x)
(X1, ..., Xn) = Xi < e1(x;) < ex(max {X}) < e}y (max {X})

(
eo(X,y) =x+y <2xmax{x,y}
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Vf:N” - N€E,, dkeN suchthat f(xy,...,xn) <e

z(x) =0 < x = e, /;(x)
s(x) = x+1<x2+2=e(x) <el (x)
(X1, ..., Xn) = Xi < e1(x;) < ex(max {X}) < e}y (max {X})

(
eo(%,y) = x+y <2xmax{x,y} < (max{x,y})?+2
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VE:NT - NecEp, JkeN suchthat f(xg, ..., xm) < epj;(max{xy, ..., Xm})

1< +2=ey(x) < ey (x)
X1, ey Xn) = X; < ex(x)) < ex(max{x}) < e} (max {X})

(
1
» eo(x,y) =x+y <2xmax{x,y} < (max{x,y})? +2 = ei;(max{x,y}) < e%ll(max{x,y})
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Vf:N" - N€E,, JkeN suchthat f(x1,...,Xxm) < e(,ﬁ)l(max{xl, ceos Xm})
» z(x) =0< x = e(noll(x)
> s(x) =x+1< x*+2=-e(x) < eS}ll(x)

X1, ey Xn) = X; < ex(x)) < ex(max{x}) < e} (max {X})

(
» eo(x,y) =x+y <2xmax{x,y} < (max{x,y})? +2 = ei;(max{x,y}) < ef}ll(max{x,y})

> en(x) < el)i(x)
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Vf:N" - N€E,, JkeN suchthat f(x1,...,Xxm) < enll(max{xl, ceos Xm})

Proof (cont’d)

» f is obtained by composing g and hy, ..., h;

f(X) = g(h(X), ..., hj(X))
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Vf:N" - N€E,, JkeN suchthat f(x1,...,Xxm) < enll(max{xl, ceos Xm})

Proof (cont’d)

» f is obtained by composing g and hy, ..., h;

F(X) = g(h1(X), ..., hi(X)) < e (max {hi(X), ..., h(X)}) g€ Enia
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Vf:N" - N€E,, JkeN suchthat f(x1,...,Xxm) < enll(max{xl, ceos Xm})

Proof (cont’d)

» f is obtained by composing g and hy, ..., h;

F(X) = g(h(X), ..., hj(X)) < e (max {hy(X), ..., hi(%)}) g €Epn
hi(X) < e (max {x}) h1, ..., hj €Enpa
AM_
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Vf:N" - N€E,, JkeN suchthat f(x1,...,Xxm) < enll(max{xl, ceos Xm})

Proof (cont’d)

» f is obtained by composing g and hy, ..., h;

F(X) = g(h(X), ..., hj(X)) < e (max {hy(X), ..., hi(%)}) g €Epn
hi(X) < e (max{x}) < %), (max {x}) h1,...,hj €Enpa

¢ = max{ky, ..., kj}
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Vf:N" - N€E,, JkeN suchthat f(x1,...,Xxm) < enll(max{xl, ceos Xm})

Proof (cont’d)

» f is obtained by composing g and hy, ..., h;

F(X) = g(h(X), ..., hj(X)) < e (max {hy(X), ..., hi(%)}) g €Epn
k 4 =
< ey (el (max {X}))
hi(X) < e (max{x}) < e),(max {x}) h1,...,hj €Enpa

¢ = max{ky, ..., kj}
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Vf:N" - N€E,, JkeN suchthat f(x1,...,Xxm) < enll(max{xl, ceos Xm})

Proof (cont’d)

» f is obtained by composing g and hy, ..., h;

F(X) = g(hi(X). ..., hi(X)) < ) (max {hi(X), ..., h(X)}) g €Enis
k 4 = k42 -
< e (W (max{x})) = el (max {x})
hi(X) < e (max{x}) < e),(max {x}) h1,...,hj €Enpa

¢ = max{ky, ..., kj}
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Vf:N" - N€E,, JkeN suchthat f(x1,...,Xxm) < enll(max{xl, ceos Xm})

Proof (cont’d)

» f is obtained by composing g and hy, ..., h;

F(X) = g(hi(X). ..., hi(X)) < ) (max {hi(X), ..., h(X)}) g €Enis
k 4 = k42 -
< e (W (max{x})) = el (max {x})
hi(X) < e (max{x}) < e),(max {x}) h1,...,hj €Enpa

¢ = max{ky, ..., kj}

» f is obtained by bounded recursion from g and h with bound i

f(X) < i(X)
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Vf:N" - N€E,, JkeN suchthat f(x1,...,Xxm) < enll(max{xl, ceos Xm})

Proof (cont’d)

» f is obtained by composing g and hy, ..., h;

F(X) = g(hi(X). ..., hi(X)) < ) (max {hi(X), ..., h(X)}) g €Enis
k 4 = k42 -
< e (W (max{x})) = el (max {x})
hi(X) < e (max{x}) < e),(max {x}) h1,...,hj €Enpa

¢ = max{ky, ..., kj}
» f is obtained by bounded recursion from g and h with bound i

sy

f(xX) < i(%) < e (max {%}) i € Enta
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Lemma

Vf:N" - NeE,, JkeN suchthat f(xq,...,Xm) < egkll(max{xl, <oy Xm 1)

Corollary

VFf:N—=N€EEp,, FkeN suchthat f(x) < epp2(k+x)
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Vf:N” - N€E,, IkeN suchthat f(xy,...,Xm) < e(nkll(max {X1, ...y Xm })

Corollary

Vf:N—=N€&cE,;; JkeN suchthat f(x) < epia(k+x)

f(x) < %1 (x)
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Vf:N” - N€E,, IkeN suchthat f(xy,...,Xm) < e(nkll(max {X1, ...y Xm })

Corollary

Vf:N—=N€&cE,;; JkeN suchthat f(x) < epia(k+x)

f(x) < ¥ (x) < enalk +x)
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Lemma

en E En+1 \ En
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€n € Eng1 \ En

e, ¢ E, by case analysis on n
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e, € En+1 \ E,

e, ¢ E, by case analysis on n

» eo(x,y) =x+y = —3JceN with x+y < max{x,y}+c
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e, € En+1 \ E,

e, ¢ E, by case analysis on n

» eo(x,y) =x+y = —3JceN with x+y < max{x,y}+c

» e1(x) =x2+2 = -3Ja,beN with x> +2 <ax+b
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e, € En+1 \ E,

e, ¢ E, by case analysis on n

» eo(x,y) =x+y = —3JceN with x+y < max{x,y}+c
» e1(x) =x2+2 = -3Ja,beN with x> +2 <ax+b

> en2 €Epyo = eni2(eo(X; X)) € Enta
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€n € Eng1 \ En

e, ¢ E, by case analysis on n

» eo(x,y) =x+y = —3JceN with x+y < max{x,y}+c
» e1(x) =x2+2 = -3Ja,beN with x> +2 <ax+b
» €nto €EEqnpn = ept2(eo(x, X)) € Epy2 and thus

eni2(x +x) < enta(k +x)

for some k € N
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€n € Eng1 \ En

e, ¢ E, by case analysis on n

» eo(x,y) =x+y = —3JceN with x+y < max{x,y}+c
» e1(x) =x2+2 = -3Ja,beN with x> +2 <ax+b
» €nto €EEqnpn = ept2(eo(x, X)) € Epy2 and thus

eni2(x +x) < enta(k +x)

for some k € N 4
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Theorem (Grzegorczyk Hierarchy)

(1) EoCE1CE2C~-~

- - -
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Theorem (Grzegorczyk Hierarchy)

(1) EoCE1CE2C~-~

- - -

® E3=E
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Theorem (Grzegorczyk Hierarchy)

(1) EoCE1CE2C~-~

- = =
® Es=E
® | JE,=PR
n>0
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E; =E
UEanR
n>0

Eo C E; C E, by definition
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E; =E
UEanR
n>0

Eo C E; C E, by definition

Epio € Epys for n > 0 because e, 1 € Enp 3 by bounded recursion:

ent1(X) < enta(x) € Enys
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Outline

5. Summary
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Important Concepts

> 2(y) = Egy Eip Erp coo » loop computable
» bounded recursion » elementary function » loop program
> €9, €1, €3, ... » Grzegorczyk hierarchy
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Important Concepts

> 2(y) = Egy Eip Erp coo » loop computable
» bounded recursion » elementary function » loop program
> €9, €1, €3, ... » Grzegorczyk hierarchy

homework for November 9
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